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ABSTRACT 

We formulate six-dimensional Euclidean gravity as S't/(4) = SO (6) Yang-Mills gauge theory. For 
that purpose we devise a six-dimensional version of the 't Hooft symbols which realizes the isomor- 
phism between SO (6) Lorentz algebra and SU{4:) Lie algebra. As the SO (6) Lorentz algebra has 
if) [ two irreducible spinor representations, there are accordingly two kinds of the 't Hooft symbols de- 
Sv I pending on the chirality of SO{Q) Weyl representation, which leads to a topological classification of 
C^l I Riemannian manifolds according to the Euler characteristic. The Kahler condition can be imposed 
on the 't Hooft symbols which are projected to f/(3)-valued ones and results in the reduction of the 
gauge group from S'f/(4) to f/(3). After imposing the Ricci-flat condition, the gauge group in the 
Yang-Mills gauge theory is further reduced to SU{3). Consequently, we find that six-dimensional 
1^. Calabi-Yau manifolds are equivalent to Hermitian Yang-Mills instantons in SU{3) Yang-Mills gauge 
^ ■ theory. The classification of six-dimensional Riemannian manifolds according to the chirality of 
SO (6) Weyl representation leads to an interesting picture about the mirror symmetry of Calabi-Yau 
manifolds and its generalization. 
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1 Introduction 

String theory predicts [[Tl [2l that six-dimensional Riemannian manifolds have to play an important 
role in explaining our four-dimensional Universe. They serve as an internal geometry of string theory 
with 6 extra dimensions and their shapes and topology determine a detailed structure of the multiplets 
for elementary particles and gauge fields through the compactification, which leads to a low-energy 
phenomenology in four dimensions. In particular, a Calabi-Yau manifold, which is a compact, Kahler 
manifold with vanishing Ricci curvature and so a solution of the Einstein equations without mat- 
ters, has a prominent role in superstring theory and has been a central focus in both contemporary 
mathematics and mathematical physics. As the holonomy group of Calabi-Yau manifolds is SU{3), 
a compactification onto the Calabi-Yau manifold in superstring theory preserves J\f = 1 supersym- 
metry in four dimensions. One of the most interesting features in the Calabi-Yau compactification is 
an equivalence between type II string theories compactified on distinct Calabi-Yau manifolds. String 
theories compactified on these two manifolds can lead to identical effective field theories. This sug- 
gests that Calabi-Yau manifolds exist in mirror pairs M and M where the number of vector multiplets 
/i^'^(M) on a Calabi-Yau manifold M is the same as the number of hypermultiplets h'^'^{M) on an- 
other Calabi-Yau manifold M and vice versa. This duality between two Calabi-Yau manifolds is 
known as the mirror symmetry [3]. While many beautiful properties of the mirror symmetry have 
been discovered, it is fair to say that we do not have a deep understanding of the reason for the 
existence of mirror symmetry. 

In order to address the mirror symmetry in a different angle, we will formulate six-dimensional 
Euclidean gravity as a gauge theory. In general relativity, the Lorentz group appears as the structure 
group acting on orthonormal frames in the tangent space of a Riemannian manifold M dU. On a 
Riemannian manifold M of dimension 6, the spin connection cu is an 5*0(6) gauge field. To be 
precise, under a local Lorentz transformation which is the orthogonal rotation in 5*0(6), a matrix- 
valued spin connection uab = ^MAsdx'^^ plays a role of gauge fields in 5*0(6) gauge theory. From 
the 5*0(6) gauge theory point of view, the Riemann curvature tensors precisely correspond to the 
field strengths of the 5*0(6) gauge fields ujab- Since the Lie algebra of 5*0(6) is isomorphic to 
that of 5*t/(4), six-dimensional Euclidean gravity may be formulated as an 5f/(4) = 50(6) Yang- 
Mills gauge theory. In this gauge theory approach, the 50(6) holonomy group of a six-dimensional 
Riemannian manifold M plays a role of gauge group. 

Via the gauge theory formulation of six-dimensional Euclidean gravity, we want to find gauge 
theory objects corresponding to Calabi-Yau manifolds and to understand their mirror symmetry in 
terms of Yang-Mills gauge theory. To get some insight, it will be useful to address the same problem 
in four-dimensional situation, which is comparatively simple. For the four-dimensional case, see, for 
example, |l5l[6l and references therein. In four dimensions, the Euclidean gravity can be formulated 
as an 50(4) = SU{2)l x SU{2)r gauge theory. The four-dimensional space has mystic features. 
The group 5*0(4) for rf > 3 is the only non-simple Euclidean Lorentz group and one can define a 



self-dual two-form only for d = A. The Hodge *-operator acts on a vector space ApT*M of p-forms 
and defines an automorphism of A^T*Af with eigenvalues ±1. Therefore, we have the decomposition 

A2T*M = A+©AJ (1.1) 

where A^ = P±Is}T*M and P± = |(1 ± *). The above Hodge decomposition can harmoniously be 
incorporated with the Lie group homomorphism 5*0(4) = SU{2)l x SU{2)r. In this respect, the 
't Hooft symbols 77^^ and rj^^ take a superb mission consolidating the Hodge decomposition (11.11) 
and the Lie algebra isomorphism 5*0(4) = SU{2)l x SU{2)r, which intertwines the group structure 
carried by the Lie algebra indices a = 1, 2, 3 G SU{2)l and d = 1, 2, 3 G SU{2)ji with the spacetime 
structure of two-form indices A, B. 

As Riemann curvature tensors are 5*0 (4) -valued two-forms, one can define the self-dual structure 
according to the decomposition (II. 1|) . The eigenspace A^ or A3 in Eq. (11.11) is called a gravitational 
(anti-)instanton in this case. It can be shown that the gravitational instanton is a Ricci-flat Kahler 
manifold and so a Calabi-Yau 2-fold. Therefore, gravitational instantons are hyper- Kahler manifolds 
with SU{2) holonomy. It can be shown [|51 [6l that gravitational instantons satisfy exactly the same 
self-duality equation of SU{2) Yang-Mills instantons on the Ricci-flat manifold determined by the 
gravitational instantons themselves and so any gravitational instanton is an SU{2) Yang-Mills instan- 
ton on a Ricci-flat four-manifold from the gauge theory point of view. 

The spinor representation of 50(4) is reducible and there are two irreducible Weyl representa- 
tions. The two irreducible spinor representations are given by an SU{2)l spinor 2 = 5+ and an 
SU{2)r spinor 2 = 5*^. (Because the SU{2) group has only a real representation, 2 does not mean 
a complex conjugate of 2 but a completely independent spinor.) According to the correspondence 
Q between the Clifford algebra C/(4) and the exterior algebra J\*M = 0^^^ A''T*M (whose six- 
dimensional version is shown up in Eq (13.21) ). the eigenspaces A^ and A3 in Eq. (11.11) can be identified 
with the tensor products 2 (g) 2 = 3 © 1 and 2 (g) 2 = 3 © 1 with singlets being removed, respec- 
tively. Since the 't Hooft symbols 77^^ and r/^^ have a one-to-one correspondence with the spaces 
A^ and A^ in Eq. (11.11) . respectively, one can see that 77^^ G 3 and r/^^ G 3. As a result, a gravi- 
tational instanton can be represented by the basis 77^^ G 3 and it lives in the positive-chirality space 
5*+ = 2 while an anti-gravitational instanton can be represented by the basis r/^^ G 3 and it lives in 
the negative-chirality space 5_ = 2 JSKU. 

It would be remarked that an instanton and an anti-instanton in gravity or gauge theory or whatever 
should be regarded as independent and pairwise components. Thus it will be interesting to consider 
the behavior of topological invariants under the exchange 2 (instanton) ^ 2 (anti — instanton). 
Interestingly, this exchange might be used to define a four-dimensional version of mirror symmetry 
(HI. Suppose that M is a four-dimensional Einstein manifold which is simply related to another 
Einstein manifold M by the mirror transformation 2 (instanton) -H- 2 (anti — instanton). Then one 
can show |l5l[6l that the topological invariants on Af , the Euler characteristic x{M) ^iid the Hirzebruch 



signature t{M), behave under the mirror transformation as follows 

X(M)=X(M)>0, r(Af) = -r(M). (1.2) 

It is remarkable that the mirror symmetry (11.21) holds for not only Calabi-Yau 2-folds but also any 
four-dimensional (compact) Einstein manifolds. 

Now let us return to the six-dimensional case. Of course, some acute changes arise. First of all, a 
self-dual two-form cannot be defined by itself. Another contrast is that the Lorentz group 5*0(6) = 
SU(4:) is a simple group unlike SO (A). In addition, for the topological invariant in six dimensions, the 
Hirzebruch signature t{M) cannot be defined because it is defined only in Ak dimensions. Thereby 
the mirror symmetry in six dimensions needs to be defined in a different way, as we already know. 
Nevertheless, it turns out that there is an intimate similarity between the four- and six-dimensional 
mirror symmetries. A useful access is first to identify the gauge theory object corresponding to a 
Calabi-Yau 3-fold like as a Calabi-Yau 2-fold has been identified with an SU{2) Yang-Mills instanton 
in four dimensions. Remarkably, there exists such a natural object so-called Hermitian Yang-Mills 
instanton which is a six-dimensional generalization of the four-dimensional Yang-Mills instanton. 
And this identification has been well-known to string theorists and mathematicians. We quote a 
paragraph in [|9l (211 page) to vividly summarize this picture. 

The point of intersection between the Calabi conjecture and the DUY theorem is the 
tangent bundle. And here's why: Once you've proved the existence of Calabi-Yau mani- 
folds, you have not only those manifolds but their tangent bundles as well, because every 
manifold has one. Since the tangent bundle is defined by the Calabi-Yau manifold, it 
inherits its metric from the parent manifold (in this case, the Calabi-Yau). The metric for 
the tangent bundle, in other words, must satisfy the Calabi-Yau equations. It turns out, 
however, that for the tangent bundle, the Hermitian Yang-Mills equations are the same as 
the Calabi-Yau equations, provided the background metric you've selected is the Calabi- 
Yau. Consequently, the tangent bundle, by virtue of satisfying the Calabi-Yau equations, 
automatically satisfies the Hermitian Yang-Mills equations, too. 

If a Calabi-Yau manifold M can be identified with a Hermitian Yang-Mills instanton, a natural 
question immediately arises. Since Calabi-Yau manifolds exist in mirror pairs, there will be a mirror 
Calabi-Yau manifold M obeying the mirror relation /ii'i(M) = h'^''^{M), h^'^{M) = h^'\M). This 
in turn implies that there should be a mirror Hermitian Yang-Mills instanton which can be identified 
with the mirror Calabi-Yau manifold M. What is then the relation between the Hermitian Yang-Mills 
instanton and its mirror Hermitian Yang-Mills instanton? 

An essential hint may be obtained by invoking the four-dimensional mirror transformation defined 
by 2 (instanton) ^ 2 (anti — instanton). In this mirror transformation, 2 (instanton) means the 
positive chirality spinor of 5*0(4), i.e. an SU{2)i spinor space, in which a Calabi-Yau 2-fold or 
an 5f/(2) Yang-Mills instanton lives, while 2 (anti — instanton) means the negative chirality spinor 



of 5*0(4), i.e. an SU{2)r spinor space, in which a mirror Calabi-Yau 2-fold or an SU{2) Yang- 
Mills anti-instanton lives. In this correspondence, the SU{2) gauge group of Yang-Mills instantons 
is identified with the holonomy group of Calabi-Yau 2-folds. With a clever guess, an extension to 
six dimensions is somewhat obvious. First, 2 will be replaced by 3 because, instead of a Calabi- 
Yau 2-fold, there is a Calabi-Yau 3-fold whose holonomy group is SU{3) and the SU{2) Yang-Mills 
instanton will be replaced by an SU{3) Hermitian Yang-Mills instanton. If true, it will be worthwhile 
to recall that the fundamental representation of SU{3) is a complex representation and so the complex 
conjugate 3 of a complex representation 3 is a different and inequivalent representation. Therefore, 
one can embed the mirror Hermitian Yang-Mills instanton into the anti-fundamental representation 3. 
This structure may be summarized with a schematic form: 

CY3{M) CY3{M) 

(1.3) 

HYM{3) HYM{3) 

Here CY3{M) refers to a Calabi-Yau manifold M and CY3{M) its mirror. And HYM{3) refers 
to a Hermitian Yang-Mills instanton in the fundamental representation 3 of SU{3) and HYM{3) its 
mirror in the anti-fundamental representation 3. 

The purpose of this paper is to understand the structure in the diagram (11.31) . We will formulate 
six-dimensional Euclidean gravity as S'f/(4) = SO (6) Yang-Mills gauge theory. Since the SU{3) 
holonomy group of Calabi-Yau manifolds appears as a gauge group in the gauge theory formulation, 
it is natural to consider the SU{3) gauge group in the Hermitian Yang-Mills instanton as a subgroup 
of the original S'f/(4) = S0{6) gauge group. It is noted that, as the 5*0(6) Lorentz algebra is isomor- 
phic to the Lie algebra of 5'[/(4) and 50(6) has two irreducible spinor representations, the positive- 
and negative-chirality spinors of 5*0(6) can be identified with the fundamental representation 4 and 
the anti-fundamental representation 4 of 5f/(4), respectively. Thereby, if the structure in the diagram 
(|1.3I) is true, it implies that a mirror pair of two Calabi-Yau manifolds in different Weyl spinor rep- 
resentations can be understood as a mirror pair of two Hermitian Yang-Mills instantons in different 
fundamental representations. We will show that this inference is true. 

This paper is organized as follows. In Section 2, we will formulate d-dimensional Euclidean 
gravity as SO{d) Yang-Mills gauge theory. The explicit relation between gravity and gauge theory 
variables will be established. 

We will apply in Section 3 the gauge theory formulation of Euclidean gravity to six-dimensional 
Riemannian manifolds. For that purpose we will devise a six-dimensional version of the 't Hooft 
symbols which realizes the isomorphism between 50(6) Lorentz algebra and 5f/(4) Lie algebra. 
As the 50(6) Lorentz algebra has two irreducible spinor representations, there are accordingly two 
kinds of the 't Hooft symbols depending on the chirality of 50(6) Weyl representation. This leads 



to a topological classification of six-dimensional Riemannian manifolds according to the Euler char- 
acteristic whose sign is correlated with the six-dimensional chirality. The Kahler condition can be 
imposed on the 't Hooft symbols which are projected to t/(3)-valued ones and results in the reduction 
of the gauge group from SU{4:) to U{3). After imposing the Ricci-flat condition, the gauge group in 
the Yang-Mills gauge theory is further reduced to SU{3). Consequently, we find that six-dimensional 
Calabi-Yau manifolds are equivalent to Hermitian Yang-Mills instantons in SU{3) Yang-Mills gauge 
theory. 

In Section 4, we will explore the geometrical properties of Calabi-Yau manifolds in the positive- 
and negative-chirality representations of 5*0(6). We construct cohomology classes in each chiral 
representation and find a mirror relation in their representation acting on spinor states S± of definite 
chirality. We show that the Euler characteristic of Calabi-Yau manifolds in different chiral represen- 
tations of 5*0(6) has an opposite sign consistent with the mirror symmetry. 

In Section 5, we will again derive the relation between Calabi-Yau manifolds and Hermitian Yang- 
Mills instantons and then discuss the mirror symmetry between Calabi-Yau manifolds from a com- 
pletely gauge theory setup. We find that a mirror Calabi-Yau manifold corresponds to a Hermitian 
Yang-Mills instanton in a different complex representation 3 or 3 of 5f/(3) C 5f/(4). As a result, the 
integral of the third Chem class c^iE) for the gauge bundle E which is equal to the Euler character- 
istic in the case of tangent bundle, has an inevitable sign flip between the fundamental representation 
3 and the anti-fundamental representation 3. 

Finally we will discuss in Section 6 the results obtained in this paper with some remarks about 
some generalization of mirror symmetry. 

In Appendix A, we fix the basis for the chiral representation of S0(6) and the fundamental rep- 
resentation of 5f/(4) and list their structure constants. In Appendix B, we present an explicit matrix 
representation and their algebras of the six-dimensional 't Hooft symbols in each chiral basis. 

2 Gravity As A Gauge Theory 

On a Riemannian manifold M of dimension d, the spin connection cu is an 50 (c/) -valued one-form 
and can be identified, in general, with an SO{d) gauge field. In order to make an explicit identi- 
fication between the spin connections and the corresponding gauge fields, let us first introduce the 
(i-dimensional Clifford algebra 

{r^,r^} = 25^^, (2.1) 

where T^ (A = 1, ■ ■ ■ , d) are Dirac matrices. Then the SO{d) Lorentz generators are given by 

j^^ = l[r^,r^] (2.2) 

which satisfy the following Lorentz algebra 

[JAB^ jCD^ ^ _ ^sACjBD _ ^ADjBC _ gBC jAD ^ §'"'' J^^) . (2.3) 

5 



The 50 ((i) -valued spin connection is defined by w = ^uabJ^^ where uab = (^MAsdx^'^ are con- 
nection one-forms on M, which transforms in the standard way as an SO{d) gauge field under local 
Lorentz transformations 

u ^ u' = AuA~^ + AdA-^ (2.4) 

where A = e^^-^^W-^^'' e SO{d). 

Now we introduce an 50(6?) -valued gauge field defined hy A = A°-T°- where A"- = A%jdx^ (a = 
1, ■ ■ ■ , *■ ~^' ) are connection one-forms on M and T" are Lie algebra generators of SO{d) satisfying 

[T",T^] = -/"'"=T^ (2.5) 

The identification we want to make is then given by 

CO = ]-ujabJ^^ = A = A^'T". (2.6) 

One may adopt the identification (|2.6I) by applying a group homomorphism of SO{d) such that 
50(3) = SU{2), 50(4) = SU{2)l x SU{2)r, 50(5) = 5p(2), and 50(6) = 5f/(4)0 Then 
the Lorentz transformation (12.41) can be translated into a usual gauge transformation 

A -^ A' = AAA-'^ + AdA^^ (2.7) 

where A = e^''^^)^" e SO{d). 

The 50 (d) -valued Riemann curvature tensor is defined by 



R = du + uj A u 
1 

2""""' 2 

1 



- (^duAB + ujac a ucbJ J^ 



RabJ^"" - '-' ' ■• ^'^"^ 



-[RMNARJ^^]dx^^ Adx^ 



. , - I'M NAB 



1 

4L 



{Om^NAB — Qn^MAB + <^MAC<^NCB — ^NAC^MCBjJ 

or, in terms of gauge theory variables, it is given by 

F = dA + AAA 

= F^T" = (dA" - -fbc'^A'' A A'^T" 



dx''' A dx'' (2.8) 



F^jj^T'']dx^^ Adx^ 



{dMA% - d^Alj - r'^^Al.A^^T^ 



dx^' Adx'\ (2.9) 



'To be precise, the spin connection ( 12.61 ) is a connection on a spinor bundle induced from the 50((i)-bundle and the 
structure group of its fiber is lifted to Spin{d) for d > 3, a double cover of SO{d), according to the short exact sequence 
of Lie groups: 1 ^ Z2 ^- Spin{d) -^ SO{d) — > 1. Hence the global isomorphism should refer to S'piri((i). Nevertheless 
we will not care about the Z2 -factor because we are mostly interested in local descriptions (in the level of Lie algebras). 



Let us introduce at each spacetime point in M a local frame of reference in the form of d linearly 
independent vectors (vielbeins) Ea = Ej^Bm G T(TM) which are chosen to be orthonormal, i.e., 
Ea- Eb = 6ab B- The frame basis {Ea} defines a dual basis E^ = E^jdx^^ G T{T*M) by a 
natural pairing 

{E'',EB)=6i (2.10) 

The above pairing leads to the relation E^E^ = S^. In terms of the non-coordinate (anholonomic) 
basis in T{TM) or T{T*M), a Riemannian metic can be written as 

ds^ = 5abE^®E^ = 5ABEtjEfjdx^ ®dx^ 

= gMNix) dx^^ ® dx^ (2.11) 

or 

(^)' = 6^''EA(^Es = 6^''E'jE^dM®d^ 

= g''''{x)dM®dN. (2.12) 

Using the form language where d = dx^dM = E^Ea and A = A^jdx^^ = AaE"^, the field 
strength (12.91) of SO{d) gauge fields in the non-coordinate basis takes the form 

F = dA + AAA = \fabE^ a E^ 

= ]^{EaAb-EbAa + [Aa,Ab\ + fAB''Ac)E^ AE"" (2.13) 

where we used the structure equation 

dE^ = ]^fBc^E'' AE"". (2.14) 

The frame basis Ea = E^Om G T{TM) satisfies the Lie algebra under the Lie bracket 

[EA,EB] = -fAB^'Ec (2.15) 

where 

Iabc = Ea Eg [OmEmc — dNEMc) (2.16) 

are the structure functions in (12.141) . 

One can also translate the covariant derivative defined by 

V mRnp = QmRnp — ^MN Rqp — ^MP Rnq + [^M, Rnp] (2.17) 

into the covariant derivative in gauge theory given by 

DmFnp = OmFnp — Tmn Fqp — Tmp Fnq + [Am-, F^p]-, (2.18) 



where Tmn^ = ujm'^bEaEn + E^OmE^ is the Levi-Civita connection. It is then easy to show 
O that the second Bianchi identity for curvature tensors is transformed into the Bianchi identity for 
SO{d) gauge fields: 

VimRnp]=0 ^ D^mFnp]=0, (2.19) 

where the bracket [MNP] = \{MNP + NPM + PMN) denotes the cyclic permutation of indices. 

3 Spinor Representation of Six-dimensional Riemannian Mani- 
folds 

From now on, we will apply the gauge theory formulation in the previous section to six-dimensional 
Riemannian manifolds. For this purpose, the 5*0(6) = SU{A)/'L2 Lorentz group for Euclidean grav- 
ity will be identified with the SU{A) gauge group in Yang-Mills gauge theory. Via the gauge theory 
formulation of six-dimensional Euclidean gravity, we want to find gauge theory objects correspond- 
ing to Calabi- Yau manifolds and to understand their mirror symmetry in terms of Yang-Mills gauge 
theory. Because our formulation of six-dimensional gravity in terms of Yang-Mills gauge theory is 
based on the identification (12.61) (i.e., the spin connection instead of the Levi-Civita connection), it is 
essential to consider a spinor representation of 5*0(6) to realize the relationship. 
Let us start with the Clifford algebra C/(6) whose generators are given by 

o(6) = {Is, r^, r^"", r^""^, r^r^^, r^r^, r^} (3.i) 

where F^ (A = 1, ■ ■ ■ , 6) are six-dimensional Dirac matrices satisfying the algebra (12.11) . r^i^^'-^fc = 
^p[^ipA2 . . . pAfc] y^]^ (-jjg complete antisymmetrization of indices, F^ = iV^ ■ ■ ■ F^ is the chiral ma- 
trix given by (Ia31) and Vf^^ = |(l8 ± F^)F^-^^. It will be useful to notice ^^ that the Clifford 
algebra (13.11) can be identified with the exterior algebra of a cotangent bundle T*M -^ M 
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0(6) ^ A*M = A^r*M (3.2) 

fc=0 

where the chirality F'' corresponds to the Hodge operator * : A^T*M — )■ K^~^T*M. 

The spinor representation of 50(6) can be constructed by 3 fermion creation operators a* [i = 
1, 2, 3) and the corresponding annihilation operators a^ (j = 1, 2, 3) (see Appendix 5. A in [[T]|). This 
fermionic system can be represented in a Hilbert space V of dimension 8 whose states are obtained 
by acting on a Fock vacuum \Q,), annihilated by all the annihilation operators, by the product of k 
creation operators a*^ ■ ■ ■ a*,, i.e. 

3 3 

^ = 0|a....,) = 0<---a*Jl^). (3.3) 

k=0 fe=0 



The spinor representation in the Hilbert space V is reducible, i.e. V = S+ (B S-, and there are 
two irreducible spinor representations S± each of dimension 4, namely the spinors of positive and 
negative chirality. If the Fock vacuum \n) has positive chirality, the positive chirality spinors of 
5*0(6) are states given by 

5+ = \n,,...,j = \n) + 1%) = 4 (3.4) 

k even 

while the negative chirality spinors of SO {6) are those obtained by 

5_ = \n,,...,j = \n,) + |%fc) = 4. (3.5) 

k odd 

As the SO (6) Lorentz algebra is isomorphic to the Lie algebra of S'f/(4) and 5*0(6) has two irre- 
ducible spinor representations, the positive- and negative-chirality spinors of 5*0(6) are the funda- 
mental representations 4 and the anti-fundamental representation 4 of 5f/(4), respectively fTI. In 
other words, since 50(6) has two inequivalent spinor representations and the 4 and 4 of 5f/(4) are 
inequivalent, the Weyl spinor representations on S± can be identified with the (anti-)fundamental 
5*^7(4) representations on C''. 

One can form a direct product of the fundamental representations 4 and 4 of 5f/(4) in order to 
classify the Clifford generators in Eq. (13.11) : 

4®4=l©15 = {r+,r^^}, (3.6) 

4®4= l©15 = {r_,r^^}, (3.7) 

4®4 = 6©10 = {r^,r^^^}, (3.8) 

4®4 = 6©io = {r:^,r:^^^}, (3.9) 

where r± = |(l8 ± T^), Tf = r±r^ and T^^ = r±r^^. Note that 15 in Eqs. ^M and ^J} is the 
adjoint representation of 5*f/(4) and 6 in Eqs. (13.81) and (13.91 ) is the antisymmetric second-rank tensor 
of SU{4:) while 10 is the symmetric second-rank tensor of 5?7(4). See Appendix A for the chiral 
representation of 5*0(6) and the fundamental representation of 5*f/(4). 
According to the identification (|2.6I) . we have the following relation 

Rab = -^Rabcd-J = F%q{T^ ©T2") = Fab- (3.10) 

On the right hand side, the doubling of 5t/(4) algebra in four-dimensional representations Ri and R2 
was considered because the 50(6) spinor representation on the left hand side is eight-dimensional. 
We will regard the Riemann tensor Rab as a linear map acting on the Hilbert space V in Eq. (|3.3I) . As 
Rab contains two gamma matrices, it does not change the chirality of the vector space V . Therefore, 
we can represent it in a subspace of definite chirality as either Rab : Sj^ ^ S+ or Rab : S^ ^ S-. 
The former case Rab : 5*+ — )• 5*+ will take values in 4 (g) 4 in (|3.6I) with a singlet being removed 



while the latter case Rab : S- —^ S- will take values in 4 (g) 4 in (13.71) with no singlet. Therefore, 
there exist two independent identifications defined by 

A : ^RabcdJ^'' = F^^jI\T- © 0), (3.11) 

B : ]^RabcdJ^'' = F^^/{0 © T^), (3.12) 

where we distinguish the two classes A and B depending on the six-dimensional chirality. See Ap- 
pendix A for explicit chiral representations J^^ of 5*0(6). Because the classes A and B are now 
represented by 4 x 4 matrices on both sides, we can take a trace operation for the matrices which 
leads to the following relationq^ 

A : Rabcd = -i^is^^Tr (TV^^) = Fi^^^^ri^cD, (3-13) 

B : Rabcd = -F^-j^^Tt {T^J^_'') = F'xj^^rfcj,. (3.14) 

Here we have introduced the six-dimensional analogue of the 't Hooft symbols defined by 

r/ls = -Tr (TV^^), rf^B = -Tr (TV^^). (3.15) 

An explicit matrix representation of the six-dimensional 't Hooft symbols and their algebra are pre- 
sented in Appendix B. 

Note that F^^)"^ = If'^ab^'F^ A E^ in Eqs. (13131) and (ITT41) are field strengths of SU{A) gauge 
fields defined by Eq. (12.131 ). Using Eq. ( IB. 81) . one can express them as -F^^ = RabcdVcd = 
VcdRcdab and F^^j^"" = RabcdVcd = Vcd^cdab- One can apply again the same expansion as 
Eqs. (13.131) and (13.141) to the index pair [AB] of the Riemann tensor Rcdab- That is, one can expand 
the SU{4:) field strengths in the classes A and B in terms of the basis in Eq. (13.151) 

A: ^^Ib^" = /(t+)^U (3.16) 

® ■■ F^-J" = ff__ftAB- (3.17) 

As was pointed out in Eq. (13.21 ). the Clifford algebra (13.11 ) can be identified with the exterior algebra 
A*M and so the 't Hooft symbols in Eq. (13.151) have a one to one correspondence with the basis of 
two-forms in A^T*M for a given orientation. Consequently, we expand the six-dimensional Riemann 



-Since the distinction of the class A and the class B is meaningful only in the eight-dimensional spinor space ( 13.3b . 
the curvature tensor Rabcd in the classes A and B should be understood as the ones defined by Eq. ( |3.10t obeying 
the chirality condition V+Rab = Rab and T^Rab = Rab, respectively, as is obvious from the definition ( 13.111 ) and 
(13.121 1. Actually, the Riemann curvature tensor Rabcd in a usual S'0(6)-frame bundle with Levi-Civita connections can 
be equally expanded in either the basis A or B because, in this case, the curvature tensor is immune from the chirality. 
In our case, we will always assume a spinor bundle lifted from the S'0(6)-frame bundle where the structure group of its 
fiber is Spin{6). See the footnote[T| 
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curvature tensors according to their six-dimensional chirality class into two different ways: 

A : Rabcd = /(t+)^AB^CD, (3.18) 

B: i?ABCD = /f--)^AB^CD- (3.19) 

Of course, the index pairs [AB] and [CD] in the curvature tensor Rabcd should have the same 
chirality structure because the class A lives in the vector space of positive-chirality spinors defined by 
(13.41) while the class B lives in the vector space of negative-chirality spinors defined by (13.51) . 

Note that the Riemann curvature tensor in 6 dimensions has 225 = 15 x 15 components in total 
which is the number of expansion coefficients in each class. Because the torsion free condition has 
been assumed for the curvature tensor, the first Bianchi identity Ra[bcd] = should be imposed 
which leads to 120 constraints. After all, the curvature tensor has 105 = 225 — 120 independent 
components which must be equal to the number of remaining expansion coefficients in the classes A 
and B after solving the 120 constraints 

e^cDEFGj^^^^^ = 0. (3.20) 

It is worthwhile to notice that the curvature tensor automatically satisfies the symmetry property 
Rabcd = Re dab after dictating the first Bianchi identity (13.201) . Therefore, one can split the 120 
constraints in Eq. (13.201 ) into 105 = i^|-!^ conditions imposing the symmetry Rabcd = Rcdab and 
extra 15 conditions. This can be clarified by considering the tensor product of 5'f/(4) ifTOl 

15 ® 15 = (1 + 15 + 20 + 84)5 © (15 + 45 + 45) a5 (3-21) 

where the first part with 120 components is symmetric and the second part with 105 components is 
antisymmetric. It is obvious from our construction that ff'^^) G 15 ® 15. The 84 components in the 
symmetric part is the number of Weyl tensors in six dimensions and the 21 = 20 + 1 components 
are coming from Ricci tensors. The remaining 15 components will be further removed by the first 
Bianchi identity (13.201) after expelling the antisymmetric components in Eq. (13.211) . 

One can easily solve the symmetry property Rabcd = Rcdab with the coefficients obeying 

/(t+) = /(:+)^ /?-) = /^-)^ (3-22) 

which results in 120 components and belongs to the symmetric part in Eq. (13.211 ). Now the remaining 
15 conditions can be imposed by the equations 

^ABCDEFj^^^^^ = 0. (3.23) 

It is obvious that Eq. (13.231) gives rise to nontrivial relations only for the coefficients satisfying Eq. 
(|3.22l) . Finally Eq. (13.231) can equivalently be written via Eqs. (IB. 91 ) and (IB. 101) as the 15 constraints 

(i"''7(++) = rf'^^Vf _) = 0. (3.24) 
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In the end, there are 105 remaining components for f^^^\ which precisely match with the independent 
components of Riemann curvature tensor in the classes A and B. 

Let us introduce the following projection operator acting on 6 x 6 antisymmetric matrices defined 
by 

Pi^^^ = I {6acSbd - 5ad5bc) ± ^e^^^^^^/z^i^ = Pf^^^ (3.25) 

where / = ia'^ ® I3. Because any 6x6 antisymmetric matrix of rank 4 spans a four-dimensional 
subspace M'^ C M^, the operator (13.251) in this case can be written as 

pABCD ^ 1 (^^^^^^ _ ^^^^^^) ^ ^_^ABCD^ (^^ B,C,D)e M^ (3.26) 

and so it is a projection operator for such a rank 4 matrix, i.e., 

pABEF pEFCD _ pABCD pABEF pEFCD _ q /o yi^ 

Note that some combination of antisymmetric rank 4 matrices can give rise to a 6 x 6 antisymmetric 
matrix of rank 6 which can be transformed into the canonical form Iab by an 50(6) rotation. In this 
case, the operator (13.251) is not a projection operator for the rank 6 matrix Iab but it acts as 

Pr^^'/ci. = (^ ± 1)1 AB. (3.28) 

In general, one can deduce by a straightforward calculation the following properties 

pABEFpEFCD ^ pABCD ^ hf^^J^^^ pABEF pEFCD ^ Jj^J^^, (3.29) 

o o 

Therefore, one can decompose the 't Hooft symbols in Eq. (13.151) into eigenspaces of the operator 
(IXISl) : 



(+)« 



AB = ^ VaB = ^^' ® Ai, 7]\^B = ^l2 ® A2, -= {vaB " V^^Ab) = -^^' ® A3 

z z z 

v\b = 2^^ ® ^4, v\b = -2^2 ® A5, r/j^^B = -a^ ® Ag, 



^Ab = -2^2 ® A7, -^ (^ - -r/ls + -j=v1b + ■^y^'^AB) = "2^ ® A8|(3.30) 

/ N ■ I 7 ? 7 

"^Ab" = S^AB=2^^®^2, ^lij = -2^^®A2, r/^B = "2^^® A5, 

^AB = ^^'®A5, r/lB = ^a^®A7, ^ab = -^^' ® Arj , (3.31) 

r^AB = \v'AB + ^V% + ^VAB = l'lAB='^CT'®hY (3.32) 
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where a, 6 = 1, ■ ■ ■ , 8 and a, b 



{+)a 



A+)a 



, 6 are SU{A) indices in the entries of l\^ and rrij^B ' 



respectively. They obey the following relations 



pABCD]{+)a _ ]{+)a 
-' - ''CD ~ ''AB ' 

pABCD^Ma ^ Q^ 



pABCD^i+)0 



2''-AB ' 



pA_BCD7(+)a _ n 
-' + ''CD ~ ^y 

pABCD^Ma ^ ^ 






(3.33) 



jdABCdA+)0 _ 3„(+)0 
-* + "-CD ~ 9 'MS ' 



which can be summarized as 



yABEF tdEFCD 



yABCD 



± 



± 



i^(+)o (+)0 
2 AB CD y 



ABEF tdEFCD 



± 



p 



=F 



.£^(+)0 (+)0 
2 AB "'CD 



(3.34) 



by using the fact /ab'^'^ab = "^ab^'^as = 0. Of course, Eq. (13.341) is consistent with Eq. (13.291 ). 

Similarly, one can decompose the 't Hooft symbols in Eq. (IB. II) into eigenspaces of the operator 
(13:251) : 



4/ = {^AB = ^0^' ® Ai, r/if5 = ^l2®A2, -^(v%-V2r] 



:-i5 

AB 



"2^ ®A3, 



rra 



(-)d 

AB 



n 2 \ 1 X \ /] 2 A 

^AB = 2^^ ® ^^' ^^^^ " ~2 ® ' "^"^^ " 2^ ® ' 
Vab = -^l2 ® A7, --^(^rJ^B + -^r/% + ^^ab) = -^^' ® Agj (3.35) 
z z z 

^AB = 2^^ ® ^2, vis = --(T^ ® A2, fJ^B = -if^ ® ^5, 



z z 

-^AB = 2^^ ® ^5, -^AB = if^ ® ^7, Vab 



-a^ (g) A7 



n 



(-)o 

AB 



tAB - ^V% - ^tlB = \1ab = la^ 



I 



(3.36) 

(3.37) 



The exactly same properties such as Eqs. (13.331) and (13.341) hold for the above 't Hooft symbols. 

The geometrical meaning of the projection operators in Eq. (13.251) can be understood as follows. 
Consider an arbitrary two-form 



F — -rMN 



FuMdx^ A dx^ 



-FarE^ AE^ ek^T*M 



(3.38) 



and introduce the 15-dimensional basis of two-forms in h?'T*M for each chirality of SO{Q) Lorentz 
algebra 

Jl = \v\bE^ a E^, r ^ IvabE"" a E^. (3.39) 



It is easy to derive the following useful identity from Eqs. (IB. 91 ) and (IB. 101 ) 

1 



J^ A 4 A 4 = ±-d'""'vo\{g) 



(3.40) 
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where vol{g) = y/gdPx. The Hodge star is an isomorphism of vector bundle * : A.^T*M — )• 
K^~'^T*M which depends upon a metric g and the orientation of M. Consider a nondegenerate 
2-form on i\/ 

Vl = -IabE^ AE^ = E'^ AE^ + E^ AE^ + E^ a E^. (3.41) 

This two-form can be wedged with the Hodge star to construct a diagonalizable operator on A^T*M 
as follows: 

*n = *(• A Q) : A'^T*M ^ A^T*M ^ k^T*M (3.42) 

by *Q.{a) = *{a A Vl) for a E A^T*M. The 15 x 15 matrix representing *q is found to have eigen- 
values 2, 1 and —1 with eigenspaces of dimension 1, 6 and 8, respectively. On any six-dimensional 
Riemannian manifold M, the space of 2-forms A^T*M can thus be decomposed into three subspaces 

A'^T*M = AJ®Al®Al (3.43) 

where Af and Ag are locally spanned by 

A^ = n, (3.44) 

A^ = {Jl Jl Ji, Jl Jl Jl'} , (3.45) 



and Ag by 



A^ = {jlJlJl\jl',Jl',Jl\K+,L+}. (3.46) 



with K+ = ^ (Jl - V2Jl^) and L+ = ^ ( - I J| + ^ J^ + -^J+) ■ A similar decomposition can 
be done with the negative chirality basis J" . Later we will explain why there is such a decomposition 
of the 15-dimensional vector space A^T*M. 

Note that the entries of A^, Ag and Ag coincide with those of n)^^ , m)^^" and I^b ^ respectively. 
One can quickly see that this coincidence is not an accident. Consider the action of the projection 
operator (13.251) on the two-form (13.381 ) given by 

pABCDp^^ = \ {Fas ± y^'^'^^'^FcnlEF) (3.47) 

or in terms of form notation 

2P±F = F±*(F AQ) =F±*nF. (3.48) 

Hence we see that, if F G Ag = {F\ P^F = 0}, it satisfies the r2-anti- self-duality equation 

F = -*{F An), (3.49) 

whereas F G Ag = {F\ P^F = 0} satisfies the r2-self-duality equation 

F = *{FAn). (3.50) 
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It is not difficult to show |[2l that the set {Iabi'^^ab } '-^'^ tie identified with f/(3) generators 
which are embedded in 50(6). In general, an element of f/(3) group can be represented as 

8 

U = exp (i Y^ ^"^a) = e® (3.51) 

a=0 

where Aq = I3 is a unit matrix of rank 3, Aa (a = 1, ■ ■ ■ , 8) are the SU{3) Gell-Mann matrices and 
^"'s are real parameters for U to be unitary. Now the 3x3 anti-Hermitian matrix with matrix 
elements which are complex numbers Qij (i,j = 1, 2, 3) can easily be embedded into a 6 x 6 real 
matrix in SO (6) by replacing Q^j = Re6jj + ilraQij by the 2x2 real matrix 0,^ = I2 ■ Re6jj + ia'^ ■ 
Im9jj. A straightforward calculation shows that the resulting 6x6 antisymmetric real matrix Qab 
can be written as 

Qab = 2(e°nJi° + r/J/) = P^^^^QcD + 3^°nSS°. (3.52) 

Note that f/(3) is the holonomy group of a Kahler manifold. That is, the projection operators in 
Eq. (13.251) can serve to project a Riemannian manifold whose holonomy group is 5*0(6) = 5f/(4) 
to a Kahler manifold with U{3) holonomy. Now we will show that it is indeed the case. Suppose 
that M is a complex manifold and let us introduce local complex coordinates z" = {x^ + ix'^, x^ + 
ix'^, x^ + ix^}, a = 1, 2, 3 and their complex conjugates 2", a = 1,2, 3, in which an almost complex 
structure J takes the form J°/3 = i5°'j3, J°^ = —iS"^ ^. Note that, relative to the real basis 
x^ , M = 1, ■ ■ ■ , 6, the almost complex structure is given by J = / = ia"^ (g) I3 which was already 
introduced in Eq. (13.251) . We further impose a Hermitian condition on the complex manifold M 
defined by g{X, Y) = g{JX, JY) for any X, F G TM. This means that a Riemannian metric g 
on a complex manifold M is a Hermitian metric, i.e., gap = gap = 0, gap = g^a- The Hermitian 
condition can be solved by taking the vielbeins as 

EI=eI = or Ef = Ef = Q (3.53) 

where a tangent space index A = 1, ■ ■ ■ , 6 has been split into a holomorphic index i = 1, 2, 3 and an 
anti-holomorphic index i = 1, 2, 3. This in turn means that J*j = iS^j, J^j = —iS^j- Then one can 
see that the two-form Q in Eq. (13.411 ) is a Kahler form, i.e., n{X, Y) = g{JX, Y) and it is given by 

n = iE' AE' = zEiEJdz'' A dz^ = igapdz"" A dz^ (3.54) 

where E^ = El^dz°' is a holomorphic one-form and E^ = E^^dz"' is an anti-holomorphic one-form. 
It is then easy to see that the condition that a Hermitian manifold (M, g) is a Kahler manifold, i.e. 
dil = 0, is equivalent to the one that the spin connection cj^b is t/(3)-valued, i.e., 

Uij = uxij = 0. (3.55) 

Therefore, the spin connections after the Kahler condition (13.551) can be written as the form (13.521) . 
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All the above results can be clearly understood by the properties of 50(6) and 5*^/(4) groups. 
Introducing complex coordinates on M^ means that the 4 and 4 of S'f/(4) decompose as 4 = li © 3_ i 
and 4 = l_i © 3 1 under f/(l) x SU{3) where the subscripts denote U{1) charges, because one has to 
now consider a Lorentz subalgebra t/(l) x SU{3) C SU{A) acting on C^ C C"^. Using the branching 
rule of SU{A) D f/(l) x SU{3) [fTOl . one can get the following decompositions after removing SU{A) 
singlets 

4 © 4 - 1 = (3 © 3)o © (3_4 © 34) = (8 © l)o © (3_4 © 34), (3.56) 

4 © 4 - 1 = (3 © 3)0 © (3_4 © 34) = (8 © 1)0 © (3_4 © 34). (3.57) 

The spin connection cuab G 15 can be decomposed according to the above branching rule 



Uij G 3_4, ojjj G 34, 

'^j ~ 3^}^kk ^ 80, OlTu G Iq. 



(3.58) 



Hence the Kahler condition (13.551) means that spin connections in 3_4 and 34 decouple from the 
theory and only the components in 80 and Iq survive. It is now obvious why we could have such 
decompositions in Eqs. (I3.30I) - (I3.37I) in which /)^J" G 80, rriAB ^ i^~$ ® ^4 ) and n)^^ G Iq. 

One can rephrase the Kahler condition (13.551 ) using the gauge theory formalism. From our identi- 
fication (12.61 ). we get the following relation 

A(+)'^ = -UABTriT'^jf) = coabvIb, ^ab = ^^+^^ab, (3-59) 

A(-)'^ = -a;^BTr(TV:^^) = ujabvIb. ^ab = A^-^'^r^^, (3.60) 

where we used the definition (13.151) . We will focus on the type A case in Eq. (13.591) as the same 
analysis can be applied to the type B case (13.601) . If (M, g) is a Kahler manifold, Eq. (13.551) means 
that 

because 7]°;^ ^ only for a = 1, 2, 4, 5, 9, 10, otherwise r]";^ = 0. See Eq. (IB. 171) . It should also be 
obvious from the branching rule niAB ^ (3_4 © 34). And then the SU{A) structure constants f"'^'^ 
in the Table 1 guarantee that the corresponding field strengths also vanish, i.e., 

2'' 
= ^f^^^)VABE^^E^ = (3.62) 

for a = 1, 2, 4, 5, 9, 10. In other words, A^+^^ = 0, /^'^^^ = for V6 = 1, ■ ■ ■ , 15 and so the gauge 
fields in Eq. (13.591) take values in U{3) Lie algebra according to the result (|3.52l) . This immediately 
leads to the conclusion that 

2'' 
= /(t+)^teA8©A? (3.63) 
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where the field strengths F'^^^", a = 0, 1, ■ ■ ■ , 8 are defined by Eq. (12.91) with U{3) generators T"-. 
As will be shown below, F^^^^ G A^ is the field strength of the U{1) part of the spin connection 
on a Kahler manifold and F*^+^° G Ag, a = 1, ■ ■ ■ , 8 belong to the SU{3) part. In particular, as 
pi+h g ^2^ ti^gy satisfy the fi-anti- self-duality equation (13.491) known as the Hermitian Yang-Mills 
equations (or Donaldson-Uhlenbeck-Yau equations) ^ 

F(+)" = - * (fW^ An), a = 1, ■ ■ ■ , 8. (3.64) 

These results should be expected from the branching rule (13.581) . 

It is well-known [|2l that the Ricci-tensor of a Kahler manifold is the field strength of the U{1) 
part of the spin connection. Therefore, the Ricci-flat condition corresponds to the result F^'^^^ = 0. 
One can explicitly check it as follows. Recall that -F^^ = f^^j^^rj^^. Using the result (13.611) . one can 
see that the nonzero components of f?^j^\ run only over a, 6 = 3, 6, 7, 8, 11, 12, 13, 14, 15. Thereby 
the constraint (13.241) becomes nontrivial only for those values. As a result, the number of independent 
components of /(++) is given by ^^ — 9 = 36. The Ricci-flat condition Rab = /('^^^VacVbc = 
further constrains the coefficients. A close inspection shows that out of 21 equations, Rab = 0, only 9 
equations are independent and, after utilizing the constraint (13.241) . the equations for the Ricci-flatness 
can be succinctly arranged as 

/?+) + ;^/S+) + ^fltl) = 0- (3.65) 

The above condition in turn means that 



p(+)0 _ f f3a ,1 fSa I 1 /.15a \a 
^ AB - \H++)^ ~mh++)^ ~7^J{++)pAB 

v/3^^ +v^ 



i^;^^ + 4^;^V 4=Fir = 0. (3.66) 



If one introduces a gauge field defined by 

A(+)0 = UJABU^AB = ^^^^' + ^^^+^' + ^A(+)l^ (3.67) 

v3 v6 

one can show that the field strength in Eq. (13.661) is given by 

^{+)o _ ^^{+)o (368) 

where it is necessary to use the fact that the f/(3) structure constants /"'"^ satisfy the following relation 

V3 v6 

The relation (13.691 ) is easy to understand because the U{\) part among the t/(3) structure constants 
has to vanish. This establishes the result that the Ricci-flatness is equal to the vanishing of the f/(l) 
field strength. That is, F(+)° = dA^^^^ G A^ has a trivial first Chem class. 
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Again the above result is consistent with the branching rule (13.581) . In terms of complex coordi- 
nates, the U{1) gauge field in Eq. (13.671 ) on a Kahler manifold is given by 

A(+)° = tuu = -t{E^dEl - EfdEl) +i{Etdo.E' - Efd^E^) e U (3.70) 

where the exterior derivative is defined by (i = d+d = dz^da + dz^da- It is obvious that /l*^+)° cannot 
be written as an exact one-form, say, A'^^^^ ^ dX with an arbitrary real function X{z, z), though it is 
closed, i.e. dA^^^^ = 0. Therefore, one can see that the f/(l) gauge field A^'^^'^ G Iq is a nontrivial 
cohomology element. 

In summary, the Kahler condition (13.551) projects the 't Hooft symbols to [/(3)-valued ones in 
lo © 8o and results in the reduction of the gauge group from SU{A) toll (3). After imposing the trivial 
first Chern class, F^^^" = dA^^^" = G lo, the gauge group is further reduced to SU{3). Remaining 
spin connections in 8o that are SU{3) gauge fields satisfy the Hermitian Yang-Mills equation (13.641) . 
As a Kahler manifold with the trivial first Chern class is a Calabi-Yau manifold, this means that 
the Calabi-Yau manifold is described by the Hermitian Yang-Mills equation (13.641) whose solution is 
known as Hermitian Yang-Mills instantons [2J . Consequently, we find that six-dimensional Calabi- 
Yau manifolds are equivalent to Hermitian Yang-Mills instantons in SU{3) Yang-Mills gauge theory. 
This equivalence will be more clarified using the gauge theory approach in Section 5. 

The same formulae can be obtained for the type B case in Eq. (13.601) where the Kahler condition 
(13.551) is solved by 

^(-)l = ^(-)2 ^ ^(-)6 ^ ^(-)7 ^ ^(-)11 ^ ^(-)12 ^ Q_ (3_7j) 

The Ricci-flat condition Rab = f(!!._)VAcVBC = leads to the equation 

/?_) - ^/^) - -^flll, = 0, (3.72) 

which is equal to the vanishing of f/(l) field strength, i.e. F^~^^ = dA^~''^ = 0, where the U{1) gauge 
field is given by 

A(-)o ^ coAsn^Al' = A^~^' - -^A^'^' - -^A^-^'\ (3.73) 

v3 v6 

This can be derived by using the fact that the f/(3) structure constants /"'"^ also satisfy the following 
relation 

fab _ 1 fab _ 1 rl^ab ^ q .374^ 

where a, b now runs over 3, 4, 5, 8, 9, 10, 13, 14, 15. Note that the entries of f/(3) generators for the 
type B case are different from those in the type A case. As can be expected, Calabi-Yau manifolds for 
the type B case are also described by the Hermitian Yang-Mills equations 

F^-'>^ = -*{F^^^^ AQ), a =!,■■■, 8. (3.75) 
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4 Mirror Symmetry of Calabi-Yau Manifolds 



In this section we want to explore the geometrical properties of six-dimensional Riemannian man- 
ifolds in the spinor representations A and B. For that purpose, consider two generic Riemannian 
manifolds whose metrics are given by 

dsl = E^^E^, dsl = E^^E^, (4.1) 

where A and B will eventually refer to the chirality classes. Each of the metrics will define their 
own connections lo^b through the torsion-free conditions Q, T/ = dE"^ + co^^ A E^ = and 
T/ = dE^ + Lo^^ A E^ = 0. The spin connections can take arbitrary values as far as they satisfy the 
integrability condition (13.201 ). Their symmetry properties can be characterized by decomposing them 
into irreducible subspaces under SO (6) group: 



coABC G6®15=n®g=I©P=20©70 



(4.2) 



where _ = 20 is a completely antisymmetric part of spin connections defined by U[abc] = li^ABC + 
cocab)- In six dimensions, the spin connections uj[abc] may be further decomposed as (imag- 



l-^BCA 

inary) self-dual and anti-self-dual parts, i.e., 

^[ABC] 



^[ABC] ^ 10 ) ® [^[ABC] ^ 10 



(4.3) 



The above decomposition may be shaky because l = 20 is already an irreducible representation of 
5*0 (6). It is just for a heuristic comparison with irreducible S'f/(4) representations. Note that 6 is 
coming from the antisymmetric tensor in 4 x 4 in Eq. (13.81 ) or 4 x 4 in Eq. (13.91) . Thus, under SU{A) 
group, one can instead get the following decomposition of the spin connections ifTOl 



ooabc G 6 (g) 15 = 2 ® 



10 



10 



64 






(4.4) 



So notice that the irreducible representation of 5*0(6) for spin connections is different from that of 
SU{4:) which is identified with the irreducible spinor representation of 50(6). 
Introduce a three-form defined by 



* = -loab AE"^ AE^ 



^{±)a ^ ja 



(4.5) 



where we used the definition in Eqs. (13.391) . (13.591 ) and (13.601) . Using the first Bianchi identity (13.201) . 
one can show that it satisfies 



dm 



-dA^^^" A Jl 



-A^^)'^ A dJl. 



(4.6) 



One can go further with the identity (l46l) . Using the definition F'^^^" = dA'^^^" - ^fbc'^A^^^'' A A'^^^'^, 
the following relation can be derived from Eq. (14.61) 



p{±)a ^ ja^ 



^AW'^AD(±)J^ 



2 



^^ jiAJi 



(4.7) 
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where /^(i) J± = dJ^ - ftc'^A^^^'' A J^ and the definitions in Eqs. (l3TT6l) and (ITTtI) are used. By 
writing uab = ^cabE^ , one can see that 

^ = :^tJ[ABC]^^ A ^^ A ^^ e 10 © To. (4.8) 

Also note that 

'^ABC = -^ifABC — IbCA + fcAs) (4.9) 

where Jabc are structure constants satisfying the Lie algebra (12.151) . Therefore, the 3-form \1/ in Eq. 
(|4.8I) can be written as 

^i/ = -fABcE^^E^ ^E^ = -dE^AE^ (4.10) 

where we used the structure equation (12.141) . which leads to the result 

d^ = IdE^ A dE^ = IfAB^'fcDEE^ AE'^AE^A E^. (4.11) 

Suppose that (M, g) is a Kahler manifold, i.e. dQ = dJ^ = 0. On a Kahler manifold M, the 
gauge fields A*^^^" take values in U{3) Lie algebra, namely satisfying Eq. (13.611) or (13.711) . and so the 
three-form ^ can be expanded as 

^ = AW A f] + A(^)" A J|. (4.12) 

As was shown in Eq. (13.581) . this means that the spin connections on the Kahler manifold take values 
only in Iq and Sq. Using the branching rule 6 = 82 © 3_ 2 under SU{3) x f/(l) IJTOl . one can identify 
the surviving spin connections after the Kahler condition (13.551 ): 

6©15^ (32 ©3_|) © (lo©8o). (4.13) 

Consequently the spin connections on the Kahler manifold (Af, g) can be decomposed as 

(^ABC e (32 © 3_ 2) © (32 © 80) © (3_2 © 80) . (4.14) 

The tensor products in Eq. (14.141) could be further decomposed according to the branching rule under 
SU{3) X U{1) [[Toll but it is not necessary for our purpose. 

If the three-form ^ is defined on a Calabi-Yau manifold M, our previous result implies that 
\[/o = I-P+* = -4(=^)° A fi is a closed 3-form, i.e. d'^o = OU This means that \E'o is a nontrivial 
element of the third cohomology group H^(M), because A^"^^^ cannot be written as an exact one- 
form as was pointed out in Eq. ([3.70[) and 1] is the Kahler form in the second cohomology group 
H'^{M). It is obvious from our construction that \E'o ^ (3 2 © 3_2) in Eq. ([4.14[) is coming from 
10 = I2 © 32 © 6_2 and its conjugate 10 in Eq. (|4.8[) and it consists of (2,1)- and (l,2)-forms, i.e., 
*o e H'^'\M) © H^''^{M) in the Dolbeauk cohomology. 



^Note that one cannot use Eq. (14.6b to prove d'l'o = because it is no longer true after the projection P+^. That is, it 
is necessary to have both (iA'^'° = and dfi = to verify the closedness. 
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Now let us summarize where nontrivial classes of Dolbeault cohomology on a Calabi-Yau mani- 
fold come from. We observed that a part of them is coming from the metrics in (14.11 ) and the other is 
coming from the spin connections in (14. 4|) . It is well-known |i2| that a compact Kahler manifold has a 
nontrivial second cohomology group H'^{M) which gives rise to a positive Betti number 62 > 0. This 
second cohomology H^(M) is coming from the Kahler class f2 of a Kahler metric defined by Eq. 
(13.541) . Another nontrivial cohomology class coming from the metric on a Calabi-Yau 3-fold is the 
holomorphic 3-form $. A Calabi-Yau 3-fold always admits a globally defined and nowhere vanishing 
holomorphic volume-form $ satisfying the property ^ 

fiAfiAfi = 2<l>A$. (4.15) 

Hence the holomorphic 3-form $ is basically defined by the metrics in ( 14.11 ) and form a one-dimensional 
vector bundle called the canonical line bundle L of M. And we have learned that the remaining coho- 
mology class is coming from the spin connection \E'o ^ (32 ©3_ 2 ) in Eq. (14.121) . which belongs to the 
third cohomology group H^{M), to be specific, to the Dolbeault cohomology H'^'^{M) © i/^'^(M). 
The nontrivial cohomology class on a Calabi-Yau manifold M may be represented as 

n = iE' AE' e H^^\M), (4.16) 

^ = E' AE^ AE^ eH^'^{M), '^ = E' A E~^ A E^ e H^'^{M), (4.17) 

m^ = Af^^E' AVl&H^'\M), "^q =a'(^^^E' AQeH^'\M), (4.18) 

where E^ = E^^dz"' is a holomorphic one-form and E'^ = E^^dz"' is an anti-holomorphic one-form. 
According to the correspondence (13.21) . we make the following identification [|2l 

E' o a\ E' o a*, i = l,2, 3, (4.19) 

where a* and a* are annihilation and creation operators, respectively, acting on the Hilbert space V 
in Eq. (13.31) . Therefore, we identify the cohomology classes in Eqs. ( |4.16l) -( |4.18l) with the following 
fermion operators with a symmetric ordering prescription 

Q = ha* a' - a' a*) =a*a'-^, (4.20) 

$ = a'-a^a'', $ = -a*a*al, (4.21) 

$± = U^^ya'h + ha') = {ay - !)(# ^°aO' 

^± _ ^ _ (4.22) 

^0 = iA(±)o*(fia* + a*h) = {a*a^ - 2) {A^^^^' a*) , 

where the factor i was absorbed in the definition such that fi becomes a Hermitian operator. 

Given a metric ds'^ = E^ © E^, one can determine the spin connection cuab via the torsion free 
condition, T^ = dE^ + uj^b A E^ = 0. Because we are taking an irreducible spinor representation 
of SO {6) for the identification (|2.6I) . it is necessary to specify which representation is chosen to 
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embed the spin connection coab- As we remarked in the footnote [2l one can equally choose either 
the positive chirality representation or the negative chirality representation. Or one may consider the 
case where a Dirac operator Dm = du + ^m acts on a chiral spinor 77 which obeys a well-known 
commutation relation [Dm, D^]!] = Rmnpq^^'^V- ^^ this case the representation has been fixed 
from the outset by the chiral spinor 77. At any rate, the identification of SU{A) gauge fields, according 
to the definition (13.591 ) and (13.601) . depends on which representation has been chosen. When a specific 
chirality representation is chosen for a given metric, one can determine the coefficients f^^j^\ in Eq. 
(|3.18l) or /(^^„) in Eq. (13.191 ) according to the chosen representation. Therefore, when one considers 
two kinds of metrics like Eq. (14.11 ) which are embedded into different chiral representations, it will 
be possible to find a pair of metrics such that /(++) = ~/r*_) for all a, b. However, the Riemannian 
manifold described by each metric in the pair will not be the same (even topologically) because the 
curvature tensors given by Eqs. (13.181 ) and (13.191 ) are different each other. 

So suppose that the spin connections determined by the metrics in Eq. (14.11) are embedded into 



different chiral representations, as indicated there, so as to obey the relation f^"^^) = —f('^\- For 
example, one Calabi-Yau manifold M with the metric given by ds\ = E^ ® E^ is embedded in the 
spinor representation of the type A in Eq. (13.111) while the other Calabi-Yau manifold M with the 
metric ds'^ = E^ (g) E^ is in the spinor representation of the type B in Eq. (13.121 ). Then the two 
Calabi-Yau manifolds M and M will have their own cohomology classes given by Eqs. (|4.16l )- (|4.18l ) 
with U{1) gauge fields A^ , A'^+)°' and Al~' , A(~)°\ respectively. Therefore, let us consider the 
cohomology operators in Eqs. (I4.20I) - (I4.22I) for each Calabi-Yau manifold acting on the Hilbert space 
S± in Eqs. (1231) and (l33]). First note that $S+ = 0, ^^5+ = for the Calabi-Yau manifold M 
and ^S"- = 0,'^qS^ = Ofor another Calabi-Yau manifold M. And the Kahler operator Q in (|4.20l) 

assigns the eigenvalue (— f 7 1) for the positive-chirality state 5*+ = 4 in (13.41) and (— |, f ) for the 

_ ^ ^+ 

negative-chirality state S*- = 4 in (13.51) . Finally the operators ^q and ^q in (14.221) nontrivially act on 

S^ and 5*+, respectively, as follows 

(aJ-^V)^! = {h + l)S^, (4.23) 



^0 'S'^ = {a*a^ 



%S+ = (ay - 2) [(A(+)o*<)5+] = {h- ^)S., (4.24) 

where we used the fact that the creation and annihilation operators change the chirality, i.e. (a*, a*) : 
S± ^ Szp. It might be remarked that the ±| shift in the Kahler operator (fi ± |) is to correct the 

U{1) charge difference between fi and \E'^, \E^o operators. We will see that the relation in Eqs. (14.231) 
and (14.241) implies an important picture about the mirror symmetry of Calabi-Yau manifolds. 

Let us briefly summarize the mirror symmetry of Calabi-Yau manifolds 0. Let M be a com- 
pact Calabi-Yau manifold. The only non-trivial cohomology of a Calabi-Yau manifold is contained in 
H^''^{M) and if^'^(M) besides the one-dimensional cohomologiesiJ°'°(M) = H^'^{M) = H^^°{M) -- 
H^'^{M) = 1. These cohomology classes parameterize their moduli. It is known that every 
H^'^(M) is represented by a real closed (1, l)-form which forms a Kahler class represented by the 
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Kahler form Vl in Eq. (14.161) . The elements in H^'^(M) can infinitesimally change the Kahler struc- 
ture of a Calabi-Yau manifold and are therefore called Kahler moduli. (In string theory these moduli 
are usually complexified.) On the other hand, H'^'^{M) parameterizes the complex structure moduli 
of a Calabi-Yau manifold. It is thanks to the fact that the cohomology class of (2,l)-forms is isomor- 
phic to the cohomology class H^(T), the first Dolbeault cohomology group of M with values in a 
holomorphic tangent bundle T, that characterizes infinitesimal complex structure deformations |l2l. 

The mirror symmetry of Calabi-Yau manifolds is the duality between two different Calabi-Yau 
3-folds M and M such that the Hodge numbers of M and M satisfy the relations 01 

h^'\M) = h^'\M), h^'\M) = h^'\M), (4.25) 

or in a more general form 

hP'^iM) = h^-P'\M), (4.26) 

where /i^'"^ = dim if ^'''(M) is a Hodge number of the Calabi-Yau manifold M satisfying h^-'^ = h'^'^ 
and /i^'' = h^~P'^~i ^, We know that h^'^ = dim H^'^{M) is the number of possible (in general, 
complexified) Kahler forms and h'^'^ = dim if ^'^(M) is the dimension of the complex moduli of 
M. Hence, as we mentioned before, the only non-trivial deformations of a Calabi-Yau manifold are 
coming from the cohomology classes in H^'^{M) and iJ^'^(M). 

Mirror symmetry suggests that for each Calabi-Yau 3-fold M there exists another Calabi-Yau 3- 
fold M whose Hodge numbers satisfy the relation (I4.25|) . Recall that the Calabi-Yau manifold M 
is of type A whose Riemann curvature tensor is given by Eq. (13.181) while the Calabi-Yau manifold 
M is of type B whose Riemann curvature tensor is given by Eq. (13.191) . In other words, the spinor 
representation of the Calabi-Yau manifold M is given by the positive-chirality space 5+ = 4 whereas 
the other Calabi-Yau manifold M is represented in the negative-chirality spinor space S^ = 4. And, 
for each Calabi-Yau manifold, we have identified their cohmology classes in Eqs. (|4.16l )- (|4.18l ) with 
the fermion operators in Eqs. (I4.20I) - (I4.22I) . If one stares at the relation (14.231) and (14.241) with this 
understanding, one can find exactly the same statement with the mirror symmetry: 

$^5_ = (fi* + ^)5+, %S+ = (f2» - i)5_. (4.27) 

Specifically, the relation (|4.27l) implies that the Calabi-Yau manifold M of type A is mirror to the 
Calabi-Yau manifold M of type B. According to our construction, they belong to different chiral 
representations. 

Finally we will provide an evidence that a pair of Calabi-Yau manifolds are a mirror pair obeying 
the relation (14.251) if their curvature tensors defined by Eqs. (13.181 ) and (13.191) satisfy the relation 
fr^_^_\ = —f?^\- First of all, we will calculate their Euler characteristics x(^) ^^^ x{M) ^^^ show 

thatx(M) = -x(M). 

Every complex vector bundle E of rank n has an underlying real vector bundle E^ of rank 2n, 
obtained by discarding the complex structure on each fiber. Then the top Chem class of a complex 
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vector bundle E is the Euler class of its realization uui 

CniE) = e{E^) (4.28) 

where n = rank E. Therefore, the Euler characteristic x(Af ) of M for a tangent bundle Efi = TM 
is given by the integral of the top Chern class 

X(M) = [ Cn{E). (4.29) 

Jm 

Recall that if i? is a complex vector bundle, then there exists a dual or conjugate bundle E with an 
opposite complex structure whose j-th Chern class is given by iTTinn 

Cj(E) = i-iyc^{E). (4.30) 

The Euler characteristic x{M) for ^ six-dimensional Riemannian manifold M is given by 

— -*- / ^6„^AfiAf2---Af6e.Aiyl2---yl6 p p p M ^n 

— —7;^ — 7— §■ I a xe e ^MiM2AiA2-tiM3M4,A3A4-ti'MsMsA5Ae- K'^-J^^J 

On one hand, for the type A in Eq. (|3.13|) where Rab = F^^'^'^Vab^ it is given by 

X(M) = --^^ [ s^^^^-^'^Ra.a.^Rma.^Ra.a, 

= -^^ ly^^'-^'VMAA.A.Vl.AjF^^^'' A FW^ a F(+)^ 

= ^— [ ci«^^FW« A fW^ A fW'^ (4.32) 

967r^ J^j 

where Eq. (IB. 91) was used. On the other hand, for the type B in Eq. (I3.14|) where Rab = F^~''"'v'ab^ 
the Euler characteristic in Eq. (14.311) can be written as 

X(M) = --J-^^^e^i^-^Bi?^^^^Ai?A3A,Ai?A,Aa 

= ^ I d^'^^F^-'^" A F^^^^ A F^-^" (4.33) 

967r'^ Jm 

where Eq. (IB. 101) was used. 

Note that two irreducible spinor representations of 50(6) can be identified with the fundamental 
and anti-fundamental representations of S't/(4). By choosing a complex structure, e.g., Eq. (13.531) . 
the 5*0(6) tangent bundle TM reduces to a f/(3) vector bundle E. In order to utilize the relation 
(14391) . let us consider a f/(3) C 5f/(4) sub-bundle E such that TM O C = F © F. Note that the 
C/(3) = SU{3) X f/(l) subgroup among the Lorentz group 50(6) does not mix the creation and 
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annihilation operators in the Hilbert space (13.31) . Thus we will consider the class A in Eq. (13.111) as 
a U{3) vector bundle E and the class B in Eq. (13.121) as its dual (conjugate) bundle E. According 
to the definition (14.291) . one can see that the sign difference (14.301) between a vector bundle E and 
its conjugate bundle E originates from different chiral representations in our case. That is, the sign 
difference (14.301) for the third Chem class of f/(3) vector bundle E and its dual bundle E has been 
attributed to the opposite chirality (or parity). 

It is straightforward to represent the Euler characteristics in Eqs. (14.321) and (14.331) in terms of the 
chiral bases in Eqs. (13.181) and (13.191) . For the type A in Eq. (13.161) where F^'^'^" = f^+^^J^, one can 
represent xi^) using the identity in Eq. ( 13.401) with 

X(M) = ^— [ rf'^^<^F(+)'^ A F^^ A F^'^ 

= -T^//'^v/^^'^'^^'^'^(++)^S+)4^)' (4.34) 

whereas, using the identity in Eq. (13.401) again, x(^) for the type B in Eq. (13.171) where F^~^"- = 

fab jh 

h—y- 



f?^\J^ can be written as 



X(M) = -^ I rf"^^F(-)" A F(-)^ A F^-)'^ 



967r3 



1927r3 



M 

- j^<fx^/^d'^'^d''^fflL)fll^)flLy (4.35) 



One can see that the Euler characteristics (14.341) for the type A and (14.351) for the type B have a 
precisely opposite sign, i.e., x{M) = —x{M), if /(++) = —f?l\ and vol(5f) = vol(5f) = y/gd^x. 
The latter condition can be achieved if h^'^{M) = h^'^{M) and hP'^{M) = h^'^{M). See Eq. (14361) . 
As was shown in Section 3, for a Kahler manifold, the gauge (holonomy) group reduces to U{3) and 
so the structure constant d'^^^ takes values only in the f/(3) C S't/(4) Lie algebra. For a Calabi-Yau 
manifold, the structure constants d"''"' now take values only in the SU{3) C U{3) Lie algebra and the 
Euler characteristic x{M) of a Calabi-Yau manifold M whose holonomy is precisely SU{3) is given 

byHa 

X{M) = 2{h^'^ - /i^'i). (4.36) 

Therefore, the opposite sign between x{M) and x(^) implies the consistent result with the mirror 
symmetry (|4.25l) . i.e., 

/i^'i(A) = h^'\M), h^'\M) = h^'\A). (4.37) 

Note that the opposite sign between the Euler characteristics x{M) and x{M) cannot come from the 
sign flip of Hodge numbers, namely /i^'^(A) = — /i^'^(B) and /i^'^(A) = — /i^'^(B), because of the 
definition of the Hodge number /i^'" = dimHP''^{M) > 0. 

The mirror symmetry (14.371 ) can be further clarified by using the fact that the Euler characteristic 
x(M) of a spin manifold M is related to the index of the Dirac operator on M lfT2]| . Denote the Dirac 
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index for fermion fields in a representation R by index{R). The Euler characteristic x(^) is then 
given by 

X(M) = index{R) - index{R) (4.38) 

where R is the complex conjugate of R. Let 4 be the fundamental representation of SU{A) and 4 its 
complex conjugate, i.e. the anti-fundamental representation of S'f/ (4). Thenm(iex(4) = —index{4) 
since in six dimensions complex conjugation exchanges positive and negative chirality zero modes 
while also exchanging 4 and 4. As 5^/(3) representations, 4 = 1 © 3 and 4 = 1 © 3 where 
index{l) = index{l) = and so the Euler characteristic (14.381) is given by liT2ll 

x(M) = index{4) — index{4) 

= 2 index{4) 

= index{3) — index{3) 

= 2index{3). (4.39) 

Consequently, the identity (14.391) immediately implies the relation x(M) = — x(M) for a pair of 
6-manifolds embedded in the opposite chirality representations 4 and 4 (or 3 and 3 for Calabi-Yau 
manifolds). This result is consistent with the mirror symmetry (|4.37l) since A G 3 and B G 3. 

5 Mirror Symmetry from Gauge Theory 

We showed in Section 3 that Calabi-Yau manifolds can be identified with Hermitian Yang-Mills in- 
stantons from the gauge theory point of view. And the mirror symmetry says that a Calabi-Yau 
manifold has a mirror pair satisfying the relation (I4.25|) . Therefore, there must be a corresponding 
Hermitian Yang-Mills instanton mirror to the original Hermitian Yang-Mills instanton that obeys the 
mirror property (14.371) . So an interesting question is what is the mirror Hermitian Yang-Mills instan- 
ton from the viewpoint of gauge theory formulation. This question is the subject of this section. 

In Section 3, the six-dimensional Euclidean gravity has been formulated as S'f/(4) = S0{6) 
Yang-Mills gauge theory. We found that a Kahler manifold is described by U{3) gauge theory. After 
imposing the Ricci-flat condition on the Kahler manifold, the gauge group in the Yang-Mills theory 
is further reduced to SU{3) and so a Calabi-Yau manifold is described by SU{3) Yang-Mills gauge 
theory. In particular, we found that six-dimensional Calabi-Yau manifolds are equivalent to Hermitian 
Yang-Mills instantons in the SU{3) gauge theory. Now we will derive these results again and then 
discuss the mirror symmetry between Calabi-Yau manifolds from a completely gauge theory setup. 

Suppose that the metric of a six-dimensional Riemannian manifold M is given by 

ds"^ = gMN{x)dx'^^dx^ . (5.1) 
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Let TT :£'—)• Af be an S'f/(4) bundle over M whose curvature is defined by 



F = dA + AaA = -FMN{x)dx^^ Adx^ 



-(OmAn - On Am + [Am, A^j^dx^^ A dx 



(5.2) 



where A = A^(x)T"(ix is a connection one-form of the vector bundle E. The generators T'^ of 



SU{4:) Lie algebra satisfy the commutation relation (12.51) with a normalization TrT'^T^ = — 15"*. 

Consider S'f/(4) Yang-Mills theory defined on the Riemannnian manifold (15.11) whose action is 
given by 



'YM 



^9ym J m 



d'x^g''''g''QTTFMNFpQ. 



(5.3) 



Using the projection operator (13.251) and the identity (13.291 ). it is easy to derive the following formula 

{P^F)' = {Pt^^^^^^F^,^,){Pt^^^^^^F^,s,) 

= l{F^.B.±y'''^^^'^-'''F^,sjA.s:^ 



AB\'i 



Pi'^'^^'F^sFcD + ^ilABF^^) 



-*■ F i^AB , ^ ^ABCDEF p r T _lVt I?^B\^ 
-i'ABi' ±0^ i'ABi'CDJ^EF + sVABi' ) ■ 

Z o o 



(5.4) 



One can rewrite the action (15.31) using the above identity as 

1 



S- 



YM 



V 



YM J M 



rf^x ^ Tr 



1 



2 1 .^ 



?AB\'^ 



rp _|_ - A1B1A2B2A3B3 rp J \ "- n T?AB\ 

tA.R.±-e ^ A2B2J- A-iBz j --{lABr ) 

-^ ..^^^^, Fj^bFcdIef 



ABCDEF ; 



(5.5) 



The above action can be written in a more compact form as 

1 



^■ 



YM 



2 I d X ^/g Tr 



^9ym Jm 
1 



MB^2 



{FAB±<FAn)^^) --{IabF^^) 



d^xTiF AF An 



9ym Jm 

where ^2 is the two-form of rank 6 defined in Eq. (13.411) . 
Using the fact 

TrF AF = dTT{A A F - -A A A A A) = dK, 

one can see that the last term in Eq. (15.61) is a topological term, i.e., 

TtF AF An = d{K A Vl) 



(5.6) 



(5.7) 



(5.8) 
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if and only if the two-form fi is closed, i.e. (ifi = 0. In other words, when M is a Kahler manifold, 
the last term in Eq. (15.61) depends only on the topological class of the Kahler-form fi and the vector 
bundle E on M. Although we have originally started with the positive definite action (15.31) . the term 
in the brace [■ ■ ■ ] in Eq. (15.61 ) after separating a topological term is not necessarily positive definite 
due to the second term. In order to keep the positive definiteness of the Yang-Mills action (|5.6I) after 
separating the topological term, it is necessary to impose the following requirement 

IabF^"" = 0. (5.9) 



We will see later the geometrical meaning and the significance of the condition (15.91 ). After the 
condition (15.91) . the action (15.61) is now positive definite up to a topological term and the minimum 
action can be achieved in a configuration satisfying the equations 

Fab ± *{F A n)^^ = 0. (5.10) 

Note that we have already encountered the above equations in Eqs. (13.491) and (13.501 ). The above 
r2-self-duality equations together with Eq. (15.91) implies the so-called Donaldson-Uhlenbeck-Yau 
equation 

FAfi2 = 0. (5.11) 

Then the topological term in Eq. (15.61) becomes equal to the original action (15.31 ) when Eq. (15.101 ) is 
satisfied, which explains the reason why we need the condition (15.91) . It is easy to see [l2l|T3]| that, if 
Eqs. (15.91 ) and (15.101 ) are satisfied, Yang-Mills equations on a Kahler manifold given by 

/^^^Mi^TVP = 0, (5.12) 

are automatically satisfied. 

We want to solve Eqs. (15.91 ) and (15.101) known as the Hermitian Yang-Mills equations ^. It 
was observed in Section 3 that the 't Hooft symbols in Eq. (13.151) realizes the isomorphism between 
S0{6) Lorentz algebra and S't/(4) Lie algebra and provide a complete basis of two-forms in A^T*M. 
Thus one may expand the S'f/(4) field strength FjJ^ (a = 1, ■ ■ ■ , 15) using the basis in Eq. (13.151) , 
for example, like either Eq. (13.161 ) or Eq. (13.171 ). But we know that there are two independent bases, 
TJAB ^iid Vab- So the question is how to distinguish the two bases from the S'[/(4) gauge theory 
approach. The crux is that the A^-dimensional fundamental representation of SU{N) for A^ greater 
than two is a complex representation whose complex conjugate is often called the anti-fundamental 
representation. And the complex conjugate N of a complex representation N is a different, non- 
equivalent representation. In particular, the positive and negative chirality representations of 5*0(6) = 
SU{4:) are four dimensional which coincides with the fundamental (4) and the anti-fundamental (4) 
representations of 5't/(4)a This is yet another reason why there are two independent bases of two- 
forms. 



'^One may notice that the complex conjugation acting on C^ plays a role of the Hodge *-operator acting on the vector 
space A*M = 0^. A''T*M as well as the chiral operator T"^ in the Clifford algebra C;(6). 
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In the anti-fundamental representation 4 of S'f/(4), the generators may be given by (T")* = — |A* 
and they obey the same Lie algebra as T": 

[{Ty, (T^)*] = -f^^'^iry. (5.13) 

But one can see from Eq. (IA.9I ) that the symmetric structure constants c/"^"^ have an opposite sign, i.e., 

Tr{T",T^}T" = --rf"^'=, Tr{(T")*,(T^)*}(T")* = V'"^. (5.14) 

It turns out that this sign flip is correlated with the opposite sign in Eq. (13.401) . 

Thereby we will expand the SU{A) field strength F^^ in the fundamental representation 4 as the 
type A in Eq. (13.161 ) and the type B in Eq. (13.171 ) for the anti-fundamental representation 4. According 
to the tensor product (|3.21l) . one can decompose the coefficients f?^j^\ into a symmetric part and an 
antisymmetric part 

fab _ Aab) Aab] ,r , ,. 

/(±±) - /(±±) + J(±±y y^-^^> 

Although it is not necessary to impose the symmetry property (13.221) for a general vector bundle 
71 : E ^ M, we will take a symmetric prescription 

F^Ail" = lifiUvIs + v\Bfi±±)) = fl^l^vln (5.16) 

to closely simulate the tangent bundle E = TM of M as much as possible where the connections are 
identified with 50(6) spin connectionsHI For a notational simplicity, we will omit the symmetrization 
symbol with respect to a -H- b. 

Now let us solve the Hermitian Yang-Mills equations on a Kahler manifold M. We know that 
solving the Hermitian Yang-Mills equation (15.101) is equivalent to the decomposition (13.431) of Yang- 
Mills field strengths given by (15.161) into the eigenspaces of the diagonalizable Hodge operator (13.421) . 
And we showed that the decomposition (13.431) is actually equivalent to the branching of S'f/(4) under 
f/(3) = SU{3) X f/(l) given by Eqs. (l336l) and (1337]) . In other words, the S'[/(4) gauge group is 



reduced to U{3) by the background Kahler class 1^0 Therefore, the Yang-Mills field strength in Eqs. 
(15.91 ) and (15. 101 ) will be considered as t/(3)-valued, i.e., a, 6 run over 3, 6, 7,8, 11, 12, 13, 14, 15 for the 
fundamental representation 4 and 3, 4, 5, 8, 9, 10, 13, 14, 15 for the anti-fundamental representation 4. 

To be precise, rj^^ G {Iab^ "^ab } fo^ ^ and r/^^ G {I^b^ '"■ab } f<^^ 4 where Z^J" and n)^^ are 
defined by Eqs. (13.301) . (13.321) . (13.351) and (13.371) . As the background Kahler class f2 determines a par- 
ticular t/(3) C SU{4:) subgroup depending on its own representation, it is natural to consider that the 



^Of course, the symmetric decomposition ( 15.16b greatly reduces the number of field strengths (225 — > 120) and 
requires [F^/J,J±^] = and f^^^^T^'T'' = ^{Fab^J±^} where jf ^ is given by Eq. (jB^li. As it should be, the 

tangent bundle E = TM with Fj^J = ^RabcdJ±^ automatically satisfies the conditions. 

''It might be obvious from the expansion ( 15.16b which intertwines the SU{4) index a and SO{6) indices A, B. Indeed 
the different choice of Kahler classes can be parameterized by the homogeneous space SO{6)/U{3) = CP^. Eq. ( IB. 171 ) 
shows that the space CP^ = SO{6)/U{3) can also be identified with the space of complex structure deformations Q. 
This coincidence might presage the mirror symmetry. 
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Kahler classes in the representations 4 and 4 are coming from different Kahler manifolds. (So to say, 
it is very unnatural that the same Kahler class simultaneously belongs to two different, inequivalent 
representations.) Thus we consider two Calabi-Yau manifolds M and M whose background Kahler 
classes in each representation are given by 

1^4 = n^+j°E^ A E^, fi4 = ny°E^AE^. (5.17) 

After all, the Hermitian Yang-Mills equations, Eqs. (15.91) and (15.101) . can be defined in the t/(3) 
gauge theory. The so-called stability equation (15.91 ) for each representation is then reduced to the 
following equations 

^abFIb^"^ = /(t+)^5iB/^B = ^ /(+%) + ^/(++) + ^/(++) = 0, (5.18) 

~lABF^Ai^'' = fl'^)r)\-lAB = Q ^ T-~)-^ft--)-^fr-''-)=^- (5.19) 

By applying exactly the same argument as Eq. (13.651) and Eq. (13.721) . one can conclude that Eqs. 
(15.181) and (15.191) are equivalent to the condition of the trivial first Chern-classes, i.e., 

^(+)o ^ ^^(+)o ^ Q^ ^(-)o ^ ^^(~)o ^ Q^ (520) 

where A(=^)° are defined by Eqs. (13.671) and (13.731) . One can also see from Eq. (13.491) that the SU{?,) 
basis {Iab} definitely picks up the +-sign in Eq. (15.101) and its solution is given by 

^AB = f{±±)^AB ) a, 6 = 1, ■ ■ ■ , 8. (5.21) 

Consequently we found that Hermitian Yang-Mills instantons are described by the S'f/(3) Yang- 
Mills gauge theory with the trivial first Chern class and they are connections in a stable holomorphic 
vector bundle E |l2l, i.e. solutions of Eqs. (15.91) and (15.101) . This was precisely the result for Calabu- 
Yau manifolds. See, for example, Eqs. (13.641) and (13.751) . Now it becomes clear what is the mirror 
relation for Hermitian Yang-Mills instantons. There are two kinds of Hermitian Yang-Mills instan- 
tons embedded in the fundamental representation 4 and the anti-fundamental representation 4. Each 
representation has its own cohomology classes, namely yl'^+)° G H^{E,M) in the first Dolbeault 
cohomology group of M with values in the holomorphic vector bundle E and A^~^'^ E H^{E, M) in 
the first Dolbeault cohomology group of M with values in the conjugate vector bundle E ^. Since 
the positive and negative chirality spinors of SO{Q) = 5'f/(4) transform as 4 and 4, one can identify 
the representation spaces 4 and 4 with the spinors 5+ and S- , respectively. Also one can similarly 
map the cohomology classes to the fermion operators in Eqs. (I4.20I) - (I4.22I) . Since the Kahler class ^2 
reduces the gauge group to f/(3) and we do not want to mix the creation and annihilation operators in 
the Hilbert space (13.31) . it is required to work with the U{3) C S'f/(4) subgroup. Then one can show 
using the same argument in Section 4 that the cohomology classes in the holomorphic vector bundle 
in a complex representation 3 and its complex conjugate 3 satisfy the mirror relation (14.271) . The up- 
shot is that the mirror symmetry for Calabi-Yau manifolds can be understood as the pair of Hermitian 
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Yang-Mills instantons in the fundamental representation 3 and the anti-fundamental representation 3 
of SU{3) C f/(3). And the Hermitian Yang-Mills instantons in different representations will get an 
opposite sign in the Euler characteristic x{M) according to the result (14.301) . as will be verified below. 
Since we are trying to understand the six-dimensional Euclidean gravity in terms of S't/(4) gauge 
theory, it will be useful to calculate the Chern classes of the vector bundle E to elucidate the mirror 
pair between Hermitian Yang-Mills instantons. We have already shown that the first Chern class 
ci{E) of the holomorphic vector bundle satisfying Eqs. (15.91 ) and (15.101) is trivial, i.e. ci{E) = 0. 
Also we showed that the last term in Eq. (15.61) is a topological term which contains the second Chern 
class C2{E). After using Eqs. (15.91) and (15.101 ). one can derive the inequality 

^ TrF^ A F(+) a 1^4 > 0, (5.22) 



87r2 
1 



M 



87r2 
or in a compact form. 



TrF(-) A F(") A 1^4 > 0, (5.23) 

M 

I C2{E)AQ>0 (5.24) 

Jm 

where F(+) = F^+'^'^T'' and F^") = F(")'^(T'^)*. This is known as the Bogomolov inequality [[T3l[T4ll, 

which is true for all stable bundles with Ci{E) = 0. Using the identification in Eqs. (13.131) and (13.141) . 

one may translate the above inequality into the one in gravity theory 

1 



167r2 



Rab a Rab a 1] > 0. (5.25) 



'M 

Finally, the integral of the third Chern class C3{E) in SU{3) gauge theory is given by 



1927r3 
for the fundamental representation 3 and 



X{E) = ^— f TrFW A F^+^ A F^ 

^abcp{+)a ^ pi+)b y\ pi+)c 
J M 



1 

'967r3 

1 



X{E) = -^ / TrF(-) AF(-) AF(-^ 

^abcp{~)a ^ p(~)b ^ p{-)c 



1 

967r3 



M 



1927r3 



^ j^d^x^/^d'^'^d'^^f flL)fll^)fm (5.27) 



for the anti-fundamental representation 3. It might be remarked that the relative sign C3(F) = —C2,{E) 
for the third Chern classes of a complex vector bundle E and its conjugate bundle E arises from the 
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the property (15.141) . One can easily check that x(-^) = ~x{E) if /(++) = ~f(--) ^^'^ ^o\{g) = 
yol(g) = y/gdPx. This result correctly reproduces the previous one for the Calabi-Yau manifold M 
and its mirror manifold M given by Eqs. (14.341) and (14.351) . One may notice that the sign flip in the 
Euler characteristic is also consistent with the general result (14.391) . 

In conclusion, we have confirmed that the mirror pair of Calabi-Yau manifolds can be understood 
as the pair of Hermitian Yang-Mills instantons in the fundamental representation 3 and the anti- 
fundamental representation 3 from the gauge theory point of view. 

6 Discussion 

Mirror symmetry of Calabi-Yau manifolds is a crucial ingredient for various string dualities. Stro- 
minger, Yau and Zaslow proposed ifTSl that the mirror symmetry is a T-duality transformation along 
dual special Lagrangian tori fibrations on mirror Calabi-Yau manifolds. It is known ifTSl that the T- 
duality transformation along the dual three-tori introduces a sign flip in the Euler characteristic as even 
and odd forms exchange their role. Since the odd number of T-duality operations transforms type IIB 
string theory to type IIA string theory and vice versa, the six-dimensional chirality of two Calabi-Yau 
manifolds being mirror each other will be flipped after the T-duality because the ten-dimensional chi- 
rality is correlated with the six-dimensional one. Maybe our result confirms in a different context that 
mirror symmetry originates from the two different chiral representations of Calabi-Yau manifolds. 

Via the gauge theory formulation of six-dimensional Euclidean gravity, we could show that there 
are two kinds of Hermitian Yang-Mills instantons in the fundamental and anti-fundamental represen- 
tations of SU{4:) = SO (6). Since a Calabi-Yau manifold is equivalent to a Hermitian Yang-Mills 
instanton from gauge theory point of view (see the quotation in the Introduction) and the chiral spinor 
representation of 5*0(6) can be identified with the (anti-)fundamental representation of S't/(4), the 
structure in the diagram (11.31) has been naturally anticipated. In this correspondence, the SU{3) holon- 
omy group of a Calabi-Yau manifold is realized as the SU{3) gauge group in Yang-Mills gauge theory. 
Therefore, the mirror symmetry of Calabi-Yau manifolds could be understood as the existence of the 
mirror pair of Hermitian Yang-Mills instantons embedded in the fundamental and anti-fundamental 
representations of 5'f/(3) C SU{A). 

Our gauge theory formulation of six-dimensional Euclidean gravity suggests that the existence 
of mirror pairs for Calabi-Yau manifolds may be generalized to general six-dimensional Riemannian 
manifolds like as the four-dimensional case |[8l. One can consider two general Riemannian manifolds 
M and M, for example, described by the Strominger system ifTSl for non-Kahler complex manifolds. 
The existence of two chirality classes A and B in Section 3 is simply a consequence of the fact that the 
six-dimensional Lorentz group 5*0(6) has two (chiral and anti-chiral) irreducible spinor representa- 
tions and the SO (6) group is isomorphic to SU{A) /Z2 . Therefore, one may consider a pair of metrics, 
for instance, given by Eq. (14.11 ) in different chiral representations of 50(6). If the pairs are properly 
chosen such that their curvature tensors in Eqs. (13.181) and (13.191) satisfy the relation /f_[!_,_) = —ff^Ly 
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the sign flip in the Euler characteristics (14.341) and (14.351) may be true even for general Riemannian 
manifolds. Furthermore, one may similarly formulate the pairing between general Riemannian man- 
ifolds in different chiral representations using a purely gauge theory approach as in Section 5. One 
can consider an S'f/(4) vector bundle E over a Riemannian manifold M and Hermitian Yang-Mills 
equations on (E, M) with a general Hermitian form Vt, as constructed in lfT3l[T9l . As might be indi- 
cated by Eqs. (15.261) and (15.271) . it may be possible to find a pair of Hermitian Yang-Mills instantons 
satisfying x{E) = —x{E) in SU{A) Yang-Mills gauge theory. This sign flip can also be consistent 
with the general result (14.391) . Therefore, it will be very interesting to investigate a generalization 
of mirror symmetry beyond Calabi-Yau manifolds. Some progress along this line will be reported 
elsewhere. 
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A SO{Q) and SU{4) 



We will take an irreducible (Weyl) spinor representation of 50(6) whose Lorentz generators are 
defined by 

^7^ TAB (^_j) 



1 



jf^^-(i±nj^ 



where T^ = iT^ ■ ■ -T^. Note that J^^ and J^^ independently satisfy the Lorentz algebra (12.31) and 
commute each other, i.e., [J+^, J^^] = 0. They also satisfy the anti-commutation relation 



Because the chiral matrix T^ is given by 



AB jCD^ _ __(^AC^BD _ eAD rBC\ i ^ ABCDEF jEF 



(A.2) 



r^ 



I4 
-I4 



(A.3) 



where I4 is a 4 x 4 identity matrix, the Weyl spinor representation of the generators in Eq. (lA.ll ) will 
be given by 4 x 4 matrices. We will use the following representation of Dirac matrices lfT6l 



7 



7 



/ -1 \ 

10 

10 

-10 

/ -i 0\ 

z 

i 

-i 



7 



7 



/ 



/ i \ 

z 

-i 

-i 

/ 1 \ 

10 

0-10 

0-1 



7 



/ 1 \ 

1 

10 

10 



-7S'7V, 



(A.4) 



satisfying the 50(5) Clifford algebra relations 

yy + y^i = 26'\ z, j = 1, . . . ,5. 
Then the two independent Weyl spinor representations of 50(6) are given by 



J 



^^ = {J!f' = ^[y,7i, J-' 



2 ' ^ 



(A.5) 

(A.6) 
(A.7) 



One can verify that the generators J^^ and J^^ separately satisfy the Lorentz algebra (12.31) . 

One can exchange the positive-chirality, (IA.6I) . and negative-chirality, (IA.7I) . representations of 
50(6) by a parity transformation, a reflection x^^ — )■ —x^^ of any one element of the fundamental 
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x^ -^ 



-x^. But they cannot be connected 



six-dimensional representation of SO (6) [HI; in our case, 
by any 5*0(6) rotations. 

The anti-Hermitian 4x4 matrices T" = |Aa, a = 1, ■ ■ ■ , 15 with vanishing traces constitute the 
basis of SU{A) Lie algebra. The Hermitian 4x4 matrices A^ are given by 



Ai 



/ 



Aa 



At 



A 



10 



A 



13 



/ 1 \ 

10 





/ 1 \ 



10 



/ \ 

-z 

i 



/ 





i 

/ \ 



1 

10 



V 



/ 







—i 






V 



A, 



/o 

i 




-i \ 





y 



A, 



/l 









-1 






/ 



A, 



/ 



As = ^ 



1 

%73 



All 



A 



14 



/ -i \ 



i 



/ 1 

1 

0-20 



/ \ 

1 



10 

/ \ 



-i 

i 



\ 



o\ 



J 



A 



/ 



V 



V12 



/ 



\ 



/ 



\ 







/ \ 

10 

10 



/ 1 \ 





10 

/ \ 

-i 



z 

/ 1 

1 

1 





V 



v 



Al5 — — ^ 



/ 



Vq 



\ 



\ 





-3/ 



(A.8) 



The generators T" = |Aa satisfy the following relation 



rparph 



-6"^, 



T 2 



'abcrpc 



(A.9) 



where the structure constants /"^'^ are completely antisymmetric while d'^^'^ are symmetric with respect 
to all of their indices. Their values are shown in the tables 1 and 2. (We get these tables from [[171 . ) 
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a 


b 


c 


jabc 


a 


6 


c 


fabc 


a 


b 


c 


fabc 




2 


3 


1 


3 


6 


7 


1 
2 


6 


12 


13 


1 

2 




4 


7 


1 

2 


3 


9 


10 


1 
2 


7 


11 


13 


1 

2 




5 


6 


1 
2 


3 


11 


12 


1 
2 


7 


12 


14 


1 
2 




9 


12 


1 
2 


4 


5 


8 


2 


8 


9 


10 


1 
2V3 




10 


11 


1 
2 


4 


9 


14 


1 

2 


8 


11 


12 


1 
2^3 


2 


4 


6 


1 

2 


4 


10 


13 


1 
2 


8 


13 


14 


1 
V3 


2 


5 


7 


1 

2 


5 


9 


13 


1 

2 


9 


10 


15 


12 
V 3 


2 


9 


11 


1 

2 


5 


10 


14 


1 
2 


11 


12 


15 


[2 

V 3 


2 


10 


12 


1 
2 


6 


7 


8 


2 


13 


14 


15 


[2 

V 3 


3 


4 


5 


1 

2 


6 


11 


14 


1 
2 











Table 1 : The nonvanishing structure constants / 

B Six-dimensional 't Hooft symbols 

The matrix representation of the six-dimensional 't Hooft symbol 77^^ 



abc 



Tr(T''J^^)isgivenby 



Vab 



Vab 



( 




-1 



\ 

/ 


-1 










-1 





1 





1 





1 \ 

10 











k^® A2, 





-1 








\ 









y 



«^3 



-2^ 



A, 
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a 


b 


c 


^abc 


a 


6 


c 


^abc 


a 


b 


c 


^abc 




1 


8 


1 
v/3 


3 


9 


9 


1 

2 


1 


11 


14 


1 
2 




1 


15 


1 
V6 


3 


10 


10 


1 
2 


1 


12 


13 


1 
2 




4 


6 


1 
2 


3 


11 


11 


1 

2 


8 


8 


8 


1 

~7z 




5 


7 


1 
2 


3 


12 


12 


1 

2 


8 


8 


15 


1 




9 


11 


1 
2 


4 


4 


8 


1 
2\/3 


8 


9 


9 


1 

2v^ 




10 


12 


1 
2 


4 


4 


15 


1 


8 


10 


10 


1 
2^3 


2 


2 


8 


1 


4 


9 


13 


1 

2 


8 


11 


11 


1 

2v^3 


2 


2 


15 


1 
V6 


4 


10 


14 


1 
2 


8 


12 


12 


1 
2^3 


2 


4 


7 


1 
2 


5 


5 


8 


1 
2v^ 


8 


13 


13 


1 


2 


5 


6 


1 
2 


5 


5 


15 


1 
V6 


8 


14 


14 


1 

V3 


2 


9 


12 


1 
2 


5 


9 


14 


1 

2 


9 


9 


15 


1 

~76 


2 


10 


11 


1 
2 


5 


10 


13 


1 

2 


10 


10 


15 


1 
V6 


3 


3 


8 


1 


6 


6 


8 


1 
2v^ 


11 


11 


15 


1 

V6 


3 


3 


15 


1 
76 


6 


6 


15 


1 
76 


12 


12 


15 


1 

"76 


3 


4 


4 


1 
2 


6 


11 


13 


1 

2 


13 


13 


15 


1 


3 


5 


5 


1 
2 


6 


12 


14 


1 

2 


14 


14 


15 


1 


3 


6 


6 


1 
2 


7 


7 


8 


1 
2v^ 


15 


15 


15 


[2 

V 3 


3 


7 


7 


1 
2 


7 


7 


15 


1 

^/6 











Table 2: The nonvanishing structure constants d 



abc 



Vab 



1 \ 
-10 
10 
0-1000 


y 



\a^® 



2T 
3^3 



Ts^V^ 
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Vab 



Vab = - 



/ 





/ 




y 

/ 











\ 



1 

1 
-10 


\ 



kcr 



Az, 



/ 





1 



-10 



vU 









v 



Vab 



( 






1 









1 













-1 






1 

-1 























1 


\ 











1 















































oy 



rCr 



\, 



k(y 



U, 



-P2®A 



5; 



Vab 



1 

2^3 






1 











\ 


-1 


























-1 














1 


























-2 














2 


/ 



2v^ 



O^® 



|I3 + A3 + ^Ag 
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/ 



"lAB 



vZ 



V\'b 



( 



riZ 





/ 









/ 













Vab 







-1 






1 \ 

10 





-10 



1 \ 

0-1 







10 

\ 

1 
0-10 
10 
-10 ^ 

\ 

10 
1 
-10 
0-100 

1 \ 
0-1000 
10 



y 



-l^'^As, 



^cr 



^<y 



\5, 



^6, 



^l2 



Ar, 



fa^® Ai, 
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„14 _ 1 
'IaB — 2 



v 



„15 _ J_ 

Vab - ^ 



/ 1 \ 

10 

-1 

-10 





/ 1 \ 

-10 

0-1 

10 

1 

0-10 



2^2 



\2, 



7-y 



llg + Ag-^Ag], 



/ 



where I2 and I3 are two and three dimensional identity matrices, respectively, and (ct^, cr^, a^) are the 
Pauli matrices and A^ (a = 1, ■ ■ ■ , 8) are the SU{3) Gell-Mann matrices. 

The matrix representation of the six-dimensional 't Hooft symbol f}'\^ = — Tr {T°-J^^) can be 
obtained by flipping a sign in the sixth row and column of the matrice r/^^: 



v\b = 


^f^^® A2, 


v\b = 


2--^ ® A2, v\, - -a^ ® (-I3 + ^As) 




v\b = 


^ 2 


Vab 


= -^l2®A7, r/% = -^^'®A5, 




rf - 




fAB 


^ 2 /2^ , 2 , \ q 

— rr (^ T 1 \ \ Ti^ — 


^a^ 


Vab — 


" 2v^^ ®U^^ + ^^ v^^V' ^^^- 


— U 

2 


vZ = 


^l2®A5, 


V% = 


-^ffi^Ar, ^Aij = -^^'®A7, 




flB = 


^ 2 

-a'® Ai, 


V% = 


-I2 ® A2, r/^^B = -7|^ ® (^ - -I3 + A3 + 


V3 



A 



4, 



(B.l) 



In order to derive algebras obeyed by the 't Hooft symbols, first note that either the SO (6) gener- 
ators J^^ or the SU{A) generators T°- can serve as a complete basis of any traceless, Hermitian 4x4 
matrix K, i.e., 

15 -. 6 

K = Y, kaT" = ^Y1 ^^ABJi"". (B.2) 

a=l A,B=1 

Using the relation (13.151) . one can easily deduce that 



1 1 



(B.3) 
(B.4) 
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assuming the summation convention. Then one can consider the following matrix products 

I : T'^T" = \v1bVcd4''J^''^ 4"" J+'' = ^vIbV^cdT'T^ (B.5) 

II : T^T' = IrABVinJ^'^J-''^ J^"" J^"" = ^r)%fcDT''T\ (B.6) 

Using Eqs. (12.31) . (IA.2I) and (IA.9I ). one can easily get the algebras obeyed by the six-dimensional 't 
Hooft symbols: 

rilBrfAB = S^' = v'abv'ab, (B.7) 

vIbVcd = 2 {^acSbd - SadSbc) = VabVcd, (B.8) 

1 ^ABCDEFa b _ jabcc /r Q\ 

j^ VcdVef - " Vab^ (B.y) 

^^ABCDEF^^^-b^^ = -d-'^tAB, (B-IO) 

vIcVbc - VbcVac = r'^'v'AB, (B.ll) 

Vacv'bc - vIcVac = r'^VAB, (B.12) 

F'^vIbVcd = 2 {^acV'bd - ^adVbc ' ^bcvId + ^bdvIc) > (B- 13) 

P'^XabVcd = 2 i^AcrfBD - SadVbc - ^BcrfAD + SbdVac) , (B. 14) 

rl'^bcn b _ ^ ^ABCDEF^c /r i c\ 

" VabVcd - -^ Vef^ (B.li) 

jabc^ -b _ ^ ABCDEF-c /r i /;\ 

" VabVcd ~ ~4^ ^EF- (B.lb) 

Finally we list the nonzero components of the 't Hooft symbols in the basis of complex coordinates 

z° = {z^ = x^ + ix^.z^ = x^ + ix'^,z^ = x^ + ix^} and their complex conjugates ^" where 
a, a = 1, 2, 3. We will denote ?7°^ = ^7^02/3, Vas ^ ''7"«-^' ^^c. in the hope of no confusion with the 
real basis: 

„1 _ _j „2 _ _1 „4 _ _i „5 _ _1 „9 _ i „10 _ 1 

'/l2 ~ 4) '/l2 ~ 45 '/23 ~ 4' '/23 ~ 45 '/l3 ~ 45 '/l3 ~ 4' 



^3 _ i ^3 _ i ^6 _ i r.T 

„_ . >._. 8_i 11 _J 12 _1 (B.17) 

'^li ~ "iTs' ^^22 ~ iTs' ^^33 ~ iTs' ^^23 ~ 4' ^^23 ~ ~4' 

„13 _ i „14 _ 1 „15 _ » „15 i__ „15 _ » 

'12 4' ''12 4' ''11 2^6' '22 2^6' '33 2^6' 



1 

4' 


„9 _ i 
'/l3 — 4' 


1 




4' 






''23 



Here the complex conjugates are not shown up since they can easily be implemented. The correspond- 
ing values of fj^^ can be obtained from those of 77^^ by interchanging z^ o z^. The above result 
implies that the space of complex structure deformations can be identified with the homogeneous 
space 50(6)/C/(3) = CP^ |[7|. 
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